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Abstract

We extend classical results on variational inequalities with convex sets with gradient
constraint to a new class of fractional partial differential equations in a bounded domain
with constraint on the distributional Riesz fractional gradient, the o -gradient (0 < o <
1). We establish continuous dependence results with respect to the data, including the
threshold of the fractional o -gradient. Using these properties we give new results on the
existence to a class of quasi-variational variational inequalities with fractional gradient
constraint via compactness and via contraction arguments. Using the approximation of
the solutions with a family of quasilinear penalisation problems we show the existence
of generalised Lagrange multipliers for the o -gradient constrained problem, extending
previous results for the classical gradient case, i.e., with o = 1.

Keywords Fractional gradient - Variational inequalities - Nonlocal quasi-variational
inequalities - Gradient constraint - Lagrange multiplier

1 Introduction

In a series of two interesting papers [13] and [14], Shieh and Spector have considered
anew class of fractional partial differential equations. Instead of using the well-known
fractional Laplacian, their starting concept is the distributional Riesz fractional gradi-
ent of order o € (0, 1), which will be called here the o-gradient D?, for brevity: for
ueLP(RN), 1 < p < oo, we set
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(Dou), = 24 2 2 0O<o<1, j=1..N (LD
Mj—ax;,—axj l—oclU, o , J =100 ) .

il

o is taken in the distributional sense, for every v € ‘56’0 (RM),
J

<8"u > <I ov > f 0 ) ov d
—, V)= — o, — ) = — —_oU)—ax,
8x7 1o 0x; RN 1o 0x;

where

with [, denoting the Riesz potential of order o, 0 < o < 1:

u(y) . r(%52)
Tatt(x) = (T % 1)(X) = Yy f B R 7R w
RV |x — | w220 ()

As it was shown in [13], D has nice properties for u € %000 (RM), namely

D°u = D(I1_gu) = I1_s * Du, (1.2)
N o aU

(=A)u = — — ——u, (1.3)
a ax;.’ 8x;.’

where the well-known fractional Laplacian may be given, for a suitable constant Cy ,
by (see, for instance, [4]):

o, u(x) —u(y)
(—A) u= CN,O' P.V. /RN m

It was also observed in [14] that the o-gradient is an example of the non-local
gradients considered in [9], which can be also given by

u(x) —u(y) x—y
Nox — yINFO x —y]

D% u(x) = R(—A) 3 u(x) =(1—o—N>yN,1fg/ dy. (14)
R

in terms of the vector-valued Riesz transform (see [15], with py = I' (NTH) /T %):

X =y
Rf(x) = pn P.V./RN f(y)mdy‘

We observe that, from the properties of D and a result of [7] on the Riesz kernel
as approximation of the identity as « — 0, the o-gradient approaches the standard
gradient as ¢ — 1:if Du € LP(RM)N N LIRN)N, 1 < ¢ < p, then D°u —> Du

o—1
in LP(RV)N.
Introducing the vector space of fractional differentiable functions as the closure of
C5° (RM) with respect to the norm

+ | Dul” O<o<l1, p>1,

P p
”u”O',[? = ||M|| (Lp(RN))mv

LP(RN)
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by [13, Theorem 1.7] it is exactly the Bessel potencial space L? (RY) < W* P (RVN),
0 < s < o, where W*?(R") denotes the usual fractional Sobolev space. In [13] the
solvability of the fractional partial differential equations with variable coefficients and
Dirichlet data was treated in the case p = 2, as well as the minimization of the integral
functionals of the o -gradient with p-growth, leading to the solvability of a fractional
p-Laplace equation of a novel type.

In this work we are concerned with the Hilbertian case p = 2 in a bounded domain
Q c RV, with Lipschitz boundary, where the homogeneous Dirichlet problem for
a general linear PDE with measurable coefficients is considered under an additional
constraint on the o -gradient. We shall consider all solutions in the usual Sobolev space

HS (). with norm ||l g (@) = IDull 2. 0 <o <1, (1.5)

which, by the Sobolev-Poincaré inequality, is equivalent to the usual Hilbertian norm
induced from L%2(RN) = Wo2(RN) = H°(R"), 0 < o < 1 in the closure of the
Cauchy sequences of functions in 6 (2) (see [13]).

For nonnegative functions g € L®(£2), we consider the nonempty convex sets of
the type

K ={ve HJ(Q): |Dv| < g ae.in Q}. (1.6)

Let f € L'(Q) and A : @ — RN be a measurable, bounded and positive
definite matrix. We shall consider, in Sect. 2, the well-posedness of the variational
inequality

uEK‘g’: /AD”uoD“(v—u)z/‘ f(v—u), Vvng. 1.7
Q Q

In particular, we obtain precise estimates for the continuous dependence of the
solution u with respect to f and g, and so we extend well-known results for the
classical case o = 1 (see [12] and its references).

Extending the result of [2] for the gradient (¢ = 1) case, we prove in Sect. 3 the
existence of generalised Lagrange multipliers for the o -gradient constrained problem.
More precisely, we show the existence of (A, u) € LOO(SZ)’ x YZ (£2) such that

(ADu, D°v) ’ +/ AD°u - D°v = / fv, Yv e T (),
(L=@V) xLo@V  Jo Q
(1.8a)
|ID°u| < g ae.in Q, A>0and A(|]D°ul — g) =0 in LOO(SZ)' (1.8b)
and, moreover, u solves (1.7).
Here, for each o, we have set
TL(Q) ={ve HJ(Q) : D°ve L®@"}, 0<o<l, (1.9)
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and

(hee, B) (Lo @V yxroo@y = (b @ B)re@yxio@)
Vi € L®(Q) Va, B € L®(Q)N.

Finally, in the Sect. 4 we consider the solvability of solutions to quasi-variational
inequalities corresponding to (1.7) when the threshold g = G[u] and therefore also the
convex set (1.6) depend on the solution u € K%[u]' We give sufficient conditions on
the nonlinear and nonlocal operator v — G[v] to obtain the existence of at least one
solution u of (1.7) with Kg replaced by K g[u], by compactness methods, as in [6] for
the case o = 1. In a special case, when Gu](x) = I'(u)@p(x) is strictly positive and
separates variables with a Lipschitz functional I" : L?(Q) — R*, we adapt an idea of
[5] (see also [12]) to obtain, by a contraction principle, the existence and uniqueness
of the solution of the quasi-variational inequality under the “smallness” of the product
of f with the Lipschitz constant of I and the inverse of its positive lower bound.

2 The Variational Inequality with o-Gradient Constraint

For some ay,a* > 0,let A = A(x) : @ — RY*N pbe a bounded and measurable
matrix, not necessarily symmetric, such that, for a.e. x € RY and all S RN

a.lE)* < A(0)E - £ < a*[E]%. @.1)
Fixed v > 0, we define
LP(Q) ={veL®®Q) :v(x)=v>0aex e Q}. (2.2)

For any g € L$°() it is clear that the convex set Kg defined in (1.6) is non-
empty, closed and, by Sobolev embeddings, we have, using the notation (1.9), for all
0<pB<o:

0.8/
KJ € T4(Q) c €%7(Q) c L), (2.3)

where ¢%-# () is the space of Holder continuous functions with exponent 8. Indeed,
we recall (see for instance [3]) the embedding for the fractional Sobolev spaces 0 <
o<1,1<p<oc:

WoP(Q) < LY(Q), foreveryq < N’X’;p, ifop <N, (2.4a)

WoP(Q) — L9(2), foreveryq < oo, ifop=N, (2.4b)

WoP(Q) < L®(Q)NE"P(Q), forevery0 < <o — % ifop>N,
(2.4¢)

with continuous embeddings, which are also compact if ¢ < N]X ﬁ > in (2.4a) and

B<o— % in (2.4¢). In particular, we have

@ Springer



Applied Mathematics & Optimization (2019) 80:835-852 839

HS(Q) — L* () and L¥(Q) = H Q) = (Hg(sz))', 0<o <1, (25)

2N # _ 2N N ; _
V75, and 27 = Nizo when o < 7, and if N = 1 we denote
1

2*=q,2#=q’=quwhenaz%andZ*:oo,Z#zlwheno>5.

where we set 2* =

Here we are also assuming that @ C R is an open, bounded domain with Lips-
chitz boundary, and we may conclude (2.3) from (2.4a)—(2.4c) by using a bootstrap
argument.

Therefore, in the right hand side of the variational inequality (1.7), for g; € L°°(S2),
we cantake f; € L'(), and the first two theorems give continuous dependence results
with precise estimates for two different problems withi = 1, 2:

u; € Kg, : / AD%u; - D° (v —u;) > / filv—u;), Yve Kg,. (2.15);
1 Q Q 1

Theorem 2.1 Under the assumptions (2.1), for each f; € LY(Q) and each g €
L*°(R), gi = 0, there exists a unique solution u; to (2.15); such that

ui €K Ne"P(Q). forall0 <p <o. (2.16)

When g1 = g», the solution map LY(Q) > fr>ueHJ(Q)is %—Hb’lder continu-
ous, i.e., for some C1 > 0, we have

1
lur = u2llug @ = Cillfi = f2ll 71 g (2.17)

Moreover, if in addition f; € Lz#(Q), 2# defined in (2.5),i = 1,2 and g1 = g,
then Lz#(Q) > f > u € Hf () is Lipschitz continuous:

lur — wall g @ < Collfi = Foll ot . (2.18)

for Cy = Cy/ay > 0, where C, is the constant of the Sobolev embedding Hé’(Q) >
LY (Q).

Proof Suppose that f; € L () € H7?(R2). Since the assumption (2.1) implies
that A defines a continuous bilinear and coercive form over Hg (£2), the existence and
uniqueness of the solution u#; € K{ to (2.15); is an immediate consequence of the
Stampacchia Theorem (see, for instance, [11, p. 95]), and (2.16) follows from (2.3).

With our notation (1.5), the estimate (2.18) follows easily from (2.15); with g = g2
andv=u; (i,j=1,2,i # j)from

aul@le o) = /Q ADTT - DT < [ Fll a0 g 1Tl 2+ gy < Call Fll ot ) 171 15 2,

where we have set U = u| — u» and? = f1— f.
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By (2.3), letting « be such that

vlize) <k,  YveKg, (2.19)

we may easily conclude the estimate (2.17) with C1 = /2« /a, for f1, fo € L2# (Q) C
L'() from (1.5); and

au@e o) < 1T 1@ @) < 2611 o)-

Finally, the solvability of (2.15); for f; only in L'(£2) can be easily obtained by

taking an approximating sequence of f;" € Lz#(Q) such that f" — fi in L'(Q) and
n

using (2.17) for that (Cauchy) sequence. The proof is complete. O

Remark 2.1 Asin[13]itis possible to extend the variational inequality with o -gradient

to arbitrary open domains @ C RY with a generalised Dirichlet data ¢ € H° (RY)

such that I1_, * ¢ is well-defined and D¢ e L% (RY). This would require in the
definition (1.6) of K‘g’ to replace H{ (£2) by the space

H ={ve HRY):v=gpae. inR"\ @}

(2

and, in addition, technical compatibility assumptions on ¢ and g to guarantee that the
new K; # 0.

Remark 2.2 1t is well-known that if, in addition, A is symmetric, i.e. A = AT the
variational inequality (1.7) corresponds (and is equivalent) to the optimisation problem
(see, for instance, [11])

ueky: Jw <Jw. Yvek,

where J : Kg — R is the convex functional

j(v)zl/AD"v-D"v—/fv.
2 Ja Q

Theorem 2.2 Under the framework of the previous theorem, when fi = f» € L'(Q),
the solution map

L°(Q) > g+ ue HJ(Q)
is also %-Hb'lder continuous, i.e., there exists C,, > 0 such that
1
lut — w2l g @ < Collgt — 8211 2y (2.20)
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Proof Letn = |lg1 — g2llL>~() and, fori, j = 1,2,i # j, notice that

%
ul‘jz n u; EK;}_,
v

if u; denotes the unique solution of (2.15); to g; and f;.
Denote by k = m%{llgi 2509, lluillL(q)} and observe that fori =1, 2,
i=1,

n

lui —ui;| + D7 (ui —ui;)| < .

(il +1D7wi]) < 2% 2.
Hence, letting v = u;; in (2.15); and using (2.1) we get
axlluy — u2||%-167(g) < / AD? (uy —uz) - D (uy — uz)
Q
5/ AD%uy - D7 (uz, — uz) +/ AD%uy - D% (u1, — uy)
Q Q

+fQ F (@ —u1y) + (w2 — uay))

Ui
<2k ;(M”gl"Ll(Q) + Mllgallpi o) + 21 flig) = Collgr — g2llx @)

with €, = \/2K(M”g1||L‘(S2) + Mgl i) + 20 fllLie)/asv > O.where M =
A1l oo (yv2 Which yields (2.20). O

Remark 2.3 Using the trick of the above proof, if g, — g in L°°(2) for a sequence
n

gn € L5°(Q), it is clear that, for any w € K? we can choose w;, € K(’n such that
w, — w in H{ (L2). On the other hand, also for any sequence w,—w in H (£2)-
n n

weak, with each w,, € K‘; , &n — g in L°°() implies that also w € Kg. These two
n n
conditions determine that if g, — g in L7°(€2) then the respective convex sets K7
n n

converge in the Mosco sense to K. An open question is to extend this convergence
to the case 0 < o < 1, by dropping the strict positivity condition on g, and g, as in
[1]foro = 1.

3 Existence of Lagrange Multipliers

In this section we prove the existence of solution of the problem (1.8a)—(1.8b).

For ¢ € (0, 1) and denoting 758 = E(D”us) = k. (|D°u®| — g) for simplicity, we
define a family of approximated quasi-linear problems

/Q (ke (D°u®)Du® + AD°uf) - D°v = /Q fv  Yve HJ(Q) 3.1
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where k. : R — R is defined by
s €1
ke(s) =0fors <0, ko(s) =es —1for0<s < é ko(s) =es> — 1 fors > %

Proposition 3.1 Suppose that g € L°(Q), f € L* () and A : @ — RNV isq
measurable, bounded and positive definite matrix. Then the quasi-linear problem (3.1)
has a unique solution u® € Hg (Q).

Proof The operator B, : Hf (2) — H™°(2) defined by
(Bev, w) :/ (ke(D°v)D°v + AD°v) - D°w
Q

is bounded, strongly monotone, coercive and hemicontinuous, so problem (3.1) has a
unique solution (see, for instance, [8]). O

Lemma3.1 Ifg € LL(Q), f € L2'(Q), A : @ — RNXN s q measurable, bounded
and positive definite matrix and 1 < q < 00, there exist positive constants C and
Cy such that, for 0 < & < 1, setting ke = ke(|D°uf| — g), the solution u® of the
approximated problem (3.1) satisfies

llke| D7 u L1y < C, (3.22)
kel 1) < €, (3.2b)

ke D7t | e vy < C (3.20)
IKell ooy = € (3.2d)

1D u® || aony < Cq- (3.2¢)

Proof Using u® as test function in (3.1), we get
/ (ke + ax) D uf|* < / %e|D°uf)? + ADu* - D ut
Q Q

= fu8<c—1*2|IfII2 + Dot
g = 2q, '@ " 2 L2@N

since A€ - &€ > ay,|&|? for any £ € R" by the assumptions on A. But 76\5 > (0 and so

a C.?
= [ ID%uf? < 20 f12
2 Ja 2a, 7 LT(Q)

concluding then (3.2a). R R R
Observing that the function ¢, = k. (% — gz) + gzkg > vZk, and using (3.2a),
there exists a positive constant C independent of ¢ such that

VZ/ESC.
Q
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This implies the uniform boundedness of 7{9 in L1 () and also in LOO(Q),, i.e., (3.2b)
and (3.2d) respectively.
To prove (3.2¢), it is enough to notice that, for § € LX)V,

ke DUl oon = SUP /ED"ME-/;
ax@m = )
1 1
< ([ Rapeup)’( [ Rgr)’
Q Q
= ClIBli L@ -

Because forr — g > O we have k. (t — g) > %(r —g)", forany m € N, then using
(3.2b) we conclude (3.2e),(for details see, for instance [10]). O

Proposition 3.2 For g € L°(Q), f € L () and A : Q@ — RN g measurable,
bounded and positive definite matrix, the family {u®}. of solutions of the approximated
problems (3.1) converges weakly in H§ (2) to the solution of the variational inequality
1.7).

Proof The uniform boundedness of {u®}. in Hy (£2) implies that, at least for a subse-

quence,
u* = in H§ (Q). (3.3)

e—
Forv € Kg we have, since7<; > 0 when |D%u.| > g > |Dv|,
keD7u® - D7 (v — u®) < ke| D7uf|(ID"v| — |D7u]) < 0
and so, testing the first equation of (3.1) with v — u®, we get
/ ADu® - D° (v — u®) > / fv—u®).
Q Q
But
/ ADu® - D° (v —u®) = f AD° (u® —v) - D° (v — u®)
Q Q
+/ AD%v - D° (v —u®)
Q

< / AD%v - D° (v — u®)
Q

So, utilizing the weak convergence u® —\Ou in Hy (),
E—>

/AD”v-D“(v—u)z/f(v—u).
Q Q
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Letw € Kg and setting v = u + 6(w — u), then v € ]Kg for any 6 € (0, 1] and we
get

9/ AD° (u+0(w —u)) - D°(w — u) 29/ fw —u).
Q Q

Dividing this inequality by 6 and letting & — 0, we obtain (1.7). The proofis concluded
if we show that u € K7. Indeed we split €2 in three subsets

Ue = {IDu’| — g < Ve}, Ve={Ve<|Du|—g<1]
W, = {|D‘7u€| —g> %}
and, following the steps in [10], we conclude that

[ (07ui= )" <tim [ (0w 1= g) v n s
Q e—0JQ €

=h_m</ (|D"u€|—g)\/0+/ (ID"u€|—g)+/. é)
e—0 Us Ve We

1
< lim («/E|Q| +1D7u| = gllL2(q) [Vel? +/ %) —> 0,
We

e—0

because

—1
—~ =1 =N 1
s [ (B cced —oma [ 1=t EpocoE o
Ve We We

v e—0

So |Du| < g a.e. in 2, which means that u € Kg
The uniqueness of solution of the variational inequality (1.7) implies that the whole
sequence {u®}, converges to u in HJ ($2). O

Theorem3.1 If g € L(Q), f € L (Q) and A : @ — RNV is a measurable,
bounded and positive definite matrix, then problem (1.8a)—(1.8b) has a solution

(e u) € L¥(Q) x TI(RQ).

Proof By estimates (3.2¢) and (3.2d) and the Banach—Alaoglu—Bourbaki theorem we
have, at least for a subsequence,

%D u’ — A weakiin (L®(2)" )

E—>
and R
ke — A weak in L*(Q)'.

e—0
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For v € Hf (R2), since

/(EgDaue-i-ADgue)-DUU:/ fo, (3.4)
Q Q

we obtain, letting ¢ — 0 with v € T (R2),

(A,D"v)—i—/ AD”u~D”v=/ fo. (3.5)
Q Q

Taking v = u® in (3.4) we get

/@|D“u8|2+f AD°u® - D°u® =f fu® (3.6)
Q Q Q

Observe first that

/‘AD"(ug—uyD‘r 5:/ AD° (u® —u) - D° (u® —u)
Q Q

—}—/ AD° (u® —u) - D°u > / AD° (u® —u) - D°u (3.7)
Q Q
and therefore

/ ADu-D°u < lim | AD°u® . D%u®.
Q

e—>0JQ

So, from(3.6) and (3.5) with v = u,

lim E|D”u€|2+/ AD%u - D°u < lim (/?|D”u8| +f D“ue.D"u5>
Q Q

e—0 e—0

/fu_ (A,D°u )—l—/AD“u-D“u
and then

lim [ &ID%u? < (A, D%u).
e—>0JQ

Using 7<\8(|D"u‘“7|2 — g%) > 0, we obtain

(A, D7u) > lim [ RelD7uf? > nm/@g2= (h. %) > (h, 1D%uf?).
e—>0JQ e=>0Jq
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We also have

0<lim | k|D°W® —w)|* = lim [ k. |D°u®|> —21lim | k:D°u’®-D’u
e—0JQ e—0JQ =0/

+ lim | k.|D%ul?
e—0Jo
< (A, Du) — 2(A, Du) + (x, |D°ul?)
—(A, D°u) + (A, |Dul?),

and therefore we conclude

(A, D°u) = (A, |D°ul?>) and lim [ %.|D°w® —u)* = 0.

e—>0JQ

Given v € K,, we have

lim ’ / kD (u® —u) - D°v

e—0

1
P 2 1
sh_m(fgkgw“(us—un?) 1Bl o) I D7 vy =0, (38)

e—0

because, by estimate (3.2b), 758 is uniformly bounded in LY(). So, for any v € Kg,

fv = lim (kg + A)D°u’ - D°v = 11m (ke + A)D® (u® —u) - D°v
Q

e—>0 £—>0

+ lim (?8+A)D“u.D“v) - (,\D“u,D"v>+/ AD%u - D°v,
E—> Q Q

concluding the proof of (1.8a).
Since /k\Sv > O forall v € L°(£2) such that v > 0 then, for such v, we also have

Q
(A, v) > 0, which means that A > 0.
For v € L®() set vt = max{v, 0}, v~ = (—v)™T. Since ks (|D%u¢|> — g?) > 0
then

<A-,g2 v:l:) E h_m 7€\€|Dau£ 2v:|:

e—=0JQ
= lim (/ %e| D (uf — u) 2o — 2/ %eD® (uf — u) - D°uv™®
e—0 Q Q

+ / 7€;|D0Li|zvi>
Q

= (A, |D°ul? v*), using (3.8),
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concluding that
(. (ID%ul® — g*) vF) = 0.

The fact that 758 >0andu € Kg imply 7<\g(|D"u|2 — g2)vjE < 0 and, therefore,
integrating and letting ¢ — 0, (A, (D%u|> — g%) v*) < 0, and so

(A, (ID°ul* — g*)v) = 0.

Writting v = , for any w € L*°(R2), we conclude (1.8b). O

__w__
[D°ul+g

4 The Quasi-Variational Inequality with o-Gradient Constraint

In this section we consider a map G such that
G: LY (Q) - LX(Q) 4.1)

is a continuous and bounded operator, where 2* is the Sobolev exponent as in (2.5)
forO0 <o < 1.
We set
Kg[u] = {v € HJ () : |ID°v| < Glu] a.e.in Q} 4.2)

and we shall consider the quasi-variational inequality
u € Kgp,: /QADUu-Dg(v—u) Z/Qf(v—u), Yv e Kgp,-  (43)

Generalising a compactness argument of [6] where quasi-variational inequalities of
this type were considered for the gradient case o = 1, we may give a general existence
theorem.

Theorem 4.1 Under the assumptions (2.1), for continuous and bounded operators G

satisfying (4.1) and for any f € L (), with 2* as in (2.5), there exists at least one
solution for the quasi-variational inequality (4.3).

Proof Letu = S(f, g) be the unique solution of the variational inequality (1.7) with
g = Glw] for any w € Lz*(Q). If C, > 0 denotes the Sobolev constant as in
Theorem 2.1, since f, = 0 corresponds always to the solution u, = 0, we have the a
priori estimate

lull 2 gy < Collullg @ < SN SN 22 g = 14 4.4)

independently of g € L°(Q).

Set B¢, = {v e LT (Q) : ||v||L2*(Q) < Cf} and define the nonlinear map 7 =
SoG: L¥(Q) 3w u € L¥(Q) where u = S(f, Gw]) € Kg,,, N € (Q),
0 < B < o by (2.16).
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Clearly, (4.4) implies T'(Bc;) C B, and, by the continuity of G and Theorem 2.2,
T is also a continuous map. On the other hand, G is bounded, i.e. transforms bounded
sets in Lz*(Q) into bounded sets of L°(2) and S o T is also a bounded operator.
Therefore, by (2.16), T(Bcf) is also a bounded set of C%# (). Since the embedding

COP(Q) — L¥(Q)is compact, the Schauder fixed point theorem guarantees the
existence of u = Tu, which solves (4.3). O

Example 4.1 Consider the operator G : Lz*(Q) — L$°(2) defined as follows:
Glu](x) = F(x, w(x)), 4.5)

where F : Q x R — R is a function bounded in x €  and continuous in w € R,
uniformly in x € €2, satisfying, for some v > 0,

O<v<Fx,w) <e(w) ae. x € Q, 4.6)

and for some monotone increasing function ¢. We may choose
we) = [ 9 ut)dy, @47
Q

where we give 9 € L™ (Qy; Lz#(Qy)). For u,, — u in L% (), from the estimate
n

sup |wy (x) — w(x)| = sup / O (x, y) (n(y) — u(y)dy
xe xeQ |JQ

= sup [0 (x, 24 llun — ull 2+ ()
xeQ

and by the uniform continuity of F, we have
1Glun] — GlulllLeo @) = I1F(wy) — F(w)| Lo () — 0,

implying the continuity of G.
The boundedness of G is a consequence of (4.6) and therefore G satisfies the
assumptions of Theorem 4.1.

Example 4.2 Consider now the operator G : HJ (2) — L{°(2) given also by (4.5)
with F under the same assumptions as in the previous example, but now with

w(x) = O u)(x) = /Q O(x,y) - D7u(y)dy, (4.8)

where © € ¢'(Q,; L*(2,)"). Now G is not only bounded but also completely con-

tinuous, since ® : Hy (2) — €V(Q) is also completely continuous. Indeed, if Mn;‘bl

in HJ (2)-weak, then w, = ®(u,) - ®(u) = w in €(RQ), because {D% u,},, being
bounded in L2($)N implies {wy}, uniformly bounded in €0(Q),
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lwa ()] < 1OCx, 2@ 1Dl 2@y, Vx € Q
and also equicontinuous in by
[wp(x) —wp(2)] < CIIO(x, ) = Oz, )l L2V -

But G is not defined in the whole L?” (€2) and therefore we cannot apply Theorem 4.1
to solve (4.3). Nevertheless, the solvability of (4.3) in this example is an immediate
consequence of the following theorem.

Theorem 4.2 Assume (2.1) and let f € L (R2) as previously. If the nonlinear and
nonlocal operator G satisfies

G : HJ () — L°(Q) is bounded and completely continuous 4.9)

then there exists a solution u to the quasi-variational inequality (4.3).

Proof Due to the estimate (4.4) and the assumption (4.9), the proof is analogous by
applying the Schauder fixed point theorem to the nonlinear completely continuous
map

T=S0G:HJ(Q) 3w u=S(f Glwl) € HJ (Q).

m}

Example 4.3 By restricting the domain of G and using the same type of Carathéodory
function F as in Example 4.1, we can introduce the superposition operator

Glul(x) = F(x,u(x)), ue?’ @), xeQ. (4.10)

In order to guarantee that G : C(Q) — LS°(R2) is a continuous and bounded
operator in an appropriate space to obtain a fixed point, we need to require that the
function F : Q x R — R is a bounded function in x € Q in each compact for the

variable u, continuous in # € R uniformly in x € €2, and satisfying (4.6), where the
monotone increasing function ¢ satisfies

0<v<g@)<Co+Ci1*'P,  1eR, (4.11)
for some p > % and 2* the Sobolev exponent as in (2.5).

This situation is covered by the next theorem, since the assumption (4.11) implies
the condition (4.13) below.

Theorem 4.3 Assume (2.1), let f € L (2) and the functional G be such that
G:¢° Q) — LY () is a continuous operator 4.12)
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and satisfying, for some positive monotone increasing function 1,
IGlwlllLr) < 77(||w||L2*(Q)) (4.13)

for some p > g and 2* the Sobolev exponent of Hf (Q2) < L% (). Then there exists
a solution of the quasi-variational inequality (4.3).

Proof As before, wesetT = SoG : €°(Q) — Hg (2), where u = S(f, G[w]), for
w € €°(Q) solves (1.7) with g = G[w].
In order to apply the Leray-Schauder principle, we set

S ={we?" Q) :w=0Tw, 0 €0, 1]}

and we show that .’ is a priori bounded. For any w € ., u = Tw solves (1.7) with
g = G[w]. Hence, by (2.4c) and the assumption (4.13) we have, noting that w = Ou,

”wHCgO(ﬁ) = Ca”Dow”LP(Q)N = CUGHG[W]“LP(Q)N
=< Cdn(l|w||L2*(Q)) < Conlcy),

by the a priori estimate (4.4).

Since, by (2.3), T(€¢°(Q)) — €*F(Q) — ¥°(Q) and this last embedding is
compact, we may conclude that 7 is a completely continuous mapping into a closed
ball of °($2) and its fixed point u = T'u solves (4.3). O

It is clear that in general we cannot expect the uniqueness of solution to quasi-
variational inequalities of the type (4.3). However, the Lipschitz continuity of the
solution map f > u to the variational inequality (1.7), given by Theorem 2.1, allows
us to obtain, via the strict contraction Banach fixed point principle, a uniqueness
result in a special case of “small” and controlled variations of the convex sets for the
quasi-variational situation with separation of variables in the nonlocal constraint G.

We denote, for R > 0,

Br={ve H () : vlug @ < R}

Theorem 4.4 Let f € L* (Q), ¢ € L(Q) and
Glul(x) = p()T (), x €, (4.14)

where T : HJ () — R* is a functional satisfying

1) 0 <n(R)<T'(w) < E(R), Yu € B,
(i) |F'(u1) — T2l = y(R)lluy — uzllgg (), Yui,uz € Bg,

for sufficiently large R € R, with n, E and y being monotone increasing positive
functions of R.
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Then the quasi-variational inequality (4.3) has a unique solution, provided

v(Ry)
n(Ry)

2Cy 112 gy < 1 (4.15)

where Ry = Cyll fll 2# o, With C4 = Cy/ax and Cy is the constant of the Sobolev

embedding as in (4.4).

()

Proof Let S : Bg 3 v u € HJ (S2) be the solution map withu = S(f, G[v]) being
the unique solution of the variational inequality (1.7) with g = G[v].

The a priori estimate (4.4) implies S(Bg,) C Bg,.

Givenv; € Bg, letu; = S(vi) = S(f, ¢ T'(vi)),i = 1,2, and choose it = 122 >
1, without loss of generality.

Setting g = ¢ I'(v1), we have u g = ¢ I'(v2) and

S fiug) =nSf, 9,
I'(v2) =T'(v1)  y(Ry)

p—1= < Ll —
T (v1) n(R ) ’

by recalling the assumptions (i) and (ii) and denoting ||w||s = ||w|| HS () for simplic-
ity.
Consequently, using (4.4) and (2.18) with f; = f and f> = u f, we have
[S(1) = SW)llo < ISCf. 8) = S f, ullo + 1SGf, ng) = S(f. ngls
< (= Dllurllo + (& = DCsI £l 22 g

< 2G4 = DIIfll ot

V(Ryf)
<2Cy i — valle 1F Il 2#
n(Rp) @
and the conclusion of the theorem follows immediately. O

Example 4.4 We can take I" of the form
P = [ etou0). D u() dy. u e H (@),
Q

withe : @ x R x RN — [1, 00), for some 1 > 0, under a local Lipschitz condition
of the type

le(y,v.6) —e(y,w, )| < y(R)(Jv — w| + | — 7
for |v|, |lw], || and || less or equal to R.

Remark 4.1 Assumptions (i) and (ii) have been used in Appendiz B of [5] under the
implicit assumptions of smallness of the term f, and in [12] in a simplified and more
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precise form in the case of gradient type (i.e. 0 = 1) and for a class of general operators
of p-Laplacian type.

Remark 4.2 The existence of solution of the quasi-variational inequality (4.3) is
obtained in this section by finding a fixed point of the map w +— S(f, G[w]) = u,
under suitable assumptions. But when u = S(f, G[w]) is the solution of (1.7) then
there exists A € L°°(2)" such that (u, A) solves problem (1.8a)—(1.8b) with data
(f, G[w]). In particular, when u is a fixed point u = S(f, G[u]) it solves the quasi-
variational inequality, and we immediately get existence of a solution (A, u) of problem
(1.8a)—(1.8b) for the quasi-variational case.
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