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Abstract

Taking into account inertial and viscosity effects, we consider the dynamics of a two dimensional mem-
brane subjected to an unilateral constraint on its deformation gradient. Specifically, due to the constitutive
law, we assume that higher deformations lock the material, leading to the inequality |Vu| < g, where u
denotes the displacement of the membrane and g is a certain positive threshold. We then introduce the
concepts of weak and generalised solutions to the associated wave equation, and prove the existence of
them for rather general data and homogeneous Dirichlet boundary conditions. The presence of the gradient
constraint provides the existence of a Lagrange multiplier A related to the existence of a reaction term Y,
which corresponds to a strongly nonlinear term in the wave equation. We then extend the existence result
to a weak form of the Neumann type boundary condition our + 3—1") + g—ﬁ 4+ 7Y-v=0, for any « > 0, and
we show that these solutions tend, as @« — 00, in a certain sense to a solution of the homogeneous Dirichlet
constrained problem.
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1. Introduction

A linear model describing the damped vibrations u = u(x, t) of a membrane subjected to
external forces f in a bounded domain at instant # may be described by the equation

ii — Au— Aii = f, (1.1)

with suitable initial and boundary conditions. Here we denote it = du/dt, ii = 8%u/dt>, and A
the usual Laplacian in the spacial variable x. It is well-known that the damping term Au, repre-
senting a viscoelastic effect, induces a dissipation in energy and a mathematical regularisation in
the solution u.

In this work we are interested in studying this model subjected to the additional constraint

Vul < g, (1.2)

for some given positive function g, bounded and with bounded time derivative, representing a
strain threshold which locks the membrane deformation. This is a special case of the constitutive
law for “ideal locking materials” introduced by W. Prager in 1957, and it was considered by Du-
vaut and Lions in 1972 [9, Chap.5.7], and by Demengel and Suquet [8] in the general stationary
linearised elasticity framework. For recent works on locking materials type models see [4] and
[22] and references therein. In fact, this problem, in the scalar case, corresponds to the equilib-
rium locked membrane, which displacement u = u(x), with homogeneous Dirichlet boundary
condition, satisfies the equation

—Au —div(AVu) = f. (1.3)

Here A = A(x) is a Lagrange multiplier, associated with the locking constraint, satisfying the
unilateral conditions

A=0, [Vul=g, A(Vul—-g)=0. (1.4)

Actually, this stationary problem is also the same mathematical model for the well-known elasto-
plastic torsion problem, when u is the strain potential in two dimensions (see, e.g., [9, Section
5.6.6], or [13, Sections 1:6 and 8:4]). Although in this simple case of positive constants f and
g, the regularity of the stationary solution allowed Brézis [6] to prove the existence of a unique
bounded A, the problem has also been considered in more general cases by several authors. In
particular, recently in [3], a degenerate case of equation (1.3), corresponding to an equivalent
weak formulation for the Monge-Kantorovich mass transfer problem was considered with f €
L?(2) and g € L°°(2), where A is regarded as an element of the dual of L°°(R2) (i.e. as a finite
additive measure or as a charge). In fact, gradient type constraints arise naturally in other models
for critical state problems in Mechanics and in Physics and a recent survey on the corresponding
elliptic and parabolic problems can be found in [15] (see also [12,14,16] and [10] for more
general problems in mechanics with contraints).

In this work we give the first existence result of a weak solution and the corresponding
generalised Lagrange multiplier, globally in time, for the dynamics of the locking viscoelastic
membrane.
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Although we still obtain weak solutions u# with finite energy, the unilateral gradient constraint
must be interpreted globally, with a multiplier Y as an element of a subdifferential associated
with the convex constraint. We also obtain a generalised Lagrangian multiplier A, which cannot
be interpreted in the point-wise sense but rather in the duality sense of L°°. In this generalised
formulation, we obtain an energy inequality involving the data f, g, and the initial conditions.

Our main results (Theorem 2.2 and Theorem 2.8) are contained in Section 2.2 and state the
existence of solutions (#, Y) and (u, A) to system (1.1)-(1.2) in suitable weak and generalised
forms for the homogeneous Dirichlet problem (see Definitions 2.1 and 2.6, respectively). In Sec-
tion 5 we give their corresponding similar weak and generalised formulations for the cases with
Neumann and Fourier type boundary conditions, and show existence of solutions (Theorem 5.4).

By combining a variant of the classical penalisation method proposed in [11, pag. 376] with
appropriate a-priori estimates, obtained in Section 3, we use the duality techniques in Sobolev-
Bochner spaces framework recently adopted in [5] for the damped wave equation with unilateral
constraints (see also [18-20]).

More precisely, we make use of approximate functions u., defined for all € € (0, 1), which
are more regular and satisfy the damped wave equation with an additional reaction term coming
from a penalised version of the constraint (1.2). Roughly speaking, the solutions u. to the wave
equation with regularised penalisation should satisfy the equation

iie — Aue — Atte — div(ke (|Vue|* — %) Vue) = f, (1.5)

complemented with homogeneous Dirichlet boundary condition

e =0on Q. (1.6)

Here k¢ (-) is a suitable real valued function depending on the parameter € (see (3.1) below).

Once we have stated and verified the existence of u. (Theorem 3.1), it is necessary to find
suitable a-priori estimates for u. in order to pass to the limit as € — 0. To prove that a limit u of
ue is a solution as in Definitions 2.1 and 2.6, we have also to control the penalisation term

ke(IVue|* — 5 Vue.

This is shown to converge to a weak vector multiplier Y € H,, where Hy is a suitable Hilbert
space (see Section 2). Extending the techniques of [3] for the elliptic problems, we show also
that in the weak formulation with a more restrictive class of test functions we may replace T by
A Vu for a charge A € L*°(2)’, representing a generalised Lagrange multiplier.

These results and proofs are given in detail with a homogeneous Dirichlet boundary condition,
but are, in Section 5, easily extended to Neumann and Fourier type boundary conditions (see
Theorem 5.4 and Theorem 5.5). In the latter case, which depends on a positive parameter «, by
using the techniques of [3] and [2], we are able to recover the solution of the Dirichlet problem
as the limit « — oo (see Theorem 5.6), which corresponds to a kind of one parameter continuous
dependence result for weak solutions.
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2. Preliminaries and main results
2.1. Notation

Let @ ¢ R?, d > 1, be an open bounded set with Lipschitz boundary having unit outer normal
v. The problem we will address is to find a real valued displacement u = u(t,x): (0,T) x Q —
R, for a given time 7 > 0, which satisfies equation (1.1) and is subjected to the constraint (1.2).

In order to specify our rigorous setting and introduce the concept of solution, we need some
preliminaries. We will adopt the following notation

QT = (07 T) X Qs and Ql = (07 t) X Qs
for any 7 € (0, T]. Moreover we set
V=H}Q)
for the Dirichlet problem and
V=H"(Q)
for the Neumann and Fourier problems. To shortcut the notation we denote by
L2(Q):= L*(2: RY), L20Q):=L*0Q;RY), L®Q):=L®(Q;RY),
L*(Q0):=L*(Qi;RY),  L™(Q;):=L¥(Q;RY), .1)

for any ¢ € (0, T']. We also introduce the symbol E(Q) to dgote the subspace of L2(2) consist-
ing of function with null average, i.e. fQ u(x)dx = 0if u € L2(R). We denote by V the subspace
of V consisting of functions with null mean value on 2. We also need the following spaces

V:=HY0,T; L*(Q)NL*0,T; V),

V:=H'0,T; LX) NL*0,T; V),

H:=H'O,T; H'(Q;RY))NL*0, T; L*(Q)), (2.2)
and we denote by

Hy :={F € H: F = Vv for some v € V}. (2.3)

Notice that Hy is a subspace of H and is a Hilbert space when endowed with the norm of .

The counterparts of (2.2) and (2.3) in the case that the time T is replaced by ¢t € (0, T), are V;,
‘H;, and Hv i, respectively. Namely

V, = HY0,1; L>(Q)) N L*0,t; V),
V, = HY0,t; L2(Q)) N L0, ; V),
H, = HY0,1; H ' RY) N L0, 1; L2 (Q)), (2.4)
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and
Hy :={F € H,;: F = Vv for some v € V,}. (2.5

The scalar product in L2(2) or L%() is denoted by (-, -). The scalar product in L2(32) or
L2(3%) is instead denoted by (-, -)aq. The duality between V' and V is noted by (-, -). Moreover
we will need to employ the duality between H, and Hy, denoted by ((-, -)). When we deal with
the spaces H/V’t and Hv  the duality pairing is denoted by ((-, -));.

Eventually, we denote by [-, -] both the duality between L°(Q7)" and L*®°(Q7), and the
duality between L*°(Q7)" and L*°(Q7). When we work on Q; instead of Q7 we employ the
symbol [+, -];. We recall that an element o € L*°(Q7)’, sometimes also called a charge, can be
regarded as a finitely additive measure o *, with bounded total variation, which is also absolutely
continuous with respect to the Lebesgue measure in Q7 and may be defined by a Radon integral

[0, 6] = / ddo*, 2.6)
or

for all ¢ € L*°(Q7) (see [24, Chapter 1V, Section 9, Example 5]).
Whenever F € Hy we can choose v € V (with null mean value on €2) such that F = Vv. Thus
we merely observe that the space Hy coincides with

{F € :F=Vv for some v € V}. 2.7

We invoke the following general fact which will be useful later (see [23, Proposition 1.2]). There
is a constant C > 0 depending on the domain €2 such that, for any u € LZ(Q) it holds

lullz2 < ClIVull g-1. (2.8)

This is applied to functions F' € Hy. Indeed, combining this with classical Poincaré inequality
we find that

lvlly = CllF Iy 2.9
where v € V is such that F = Vuv. We also need to introduce the space

X :=H (@), (2.10)
where k > 1 depends on d and is such that LY(Q; RY cc H*(Q; RY) with continuous and
compact embedding.

Let g € L°°(Q7) be a positive function such that

g(x,t)>go>0 ae.in QOr, 2.11)
for some constant gg. We introduce the operator J, defined for all A € ]LZ(QT), as
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J(A) = / K(AG, D = g(x, H?)dxdt = {O itlAl=gae.inQr. )

+o00 otherwise,
or

where K is the indicator function of the interval (—oo, 0], namely

0 for y <0,
K(y):= { y= 2.13)
+oo0  fory>0.

We set

B:=03J, (2.14)
the classical subdifferential of J. To our scope, we need to consider the relaxation of the operator
dJ with respect to a weaker topology, namely we want to compute the subdifferential of J with
respect to the duality between ’H,’V and Hy. To this aim we first restrict J to the space Hy,

and consider the restricted operator Ji7;,. We say that G € H{, belongs to the subdifferential
0JLy, at A € Hy, and we write G € 9J Ly, (A), if and only if, for all B € Hy, it holds

J(B) —J(A) > (G, B — A)), (2.15)

where we recall that ((-, -)) represents the duality pairing between ¢, and Hy. To simplify the
notation we set

Bw :=0J1y.
For all # € (0, T'] we can repeat the procedure above by defining J as in (2.12) with Q; replacing

Q7. This will lead us to consider the subdifferential of J restricted to the space Hv ;, which we
denote by

Buw.: = BJLHv,z'
In Section 3.1 we will approximate B, (and B,, ; as well) by more regular operators.
2.2. Concepts of weak and generalised solutions — Dirichlet problem

We introduce first the concept of solution in the case V = HOl (2). Let T > 0, let ug, u; €
H(} (€2), and let a non-negative g € L>°(0, T'; L°°(£2)) be given.

Definition 2.1. A pair (u, Y) with u € H'(0, T; Hj (Q)) and Y € HY, is a weak solution to the
constrained wave equation if the following properties hold:

(1) We have the following regularity

uewhe, T; L*(Q), (2.16)
iweBV(0,T;X), (2.17)
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where X is the space introduced in (2.10). Moreover

Vu e L*(Qr), (2.18)

and the function u accounts for the initial values

u(0) = uo, 1(0) =uj. (2.19)

(i) The following weak expression of the constrained wave equation holds

T T T
@(T), () — (u1, 9(0)) — / (i, §)ds + / (Vi + Vit, Vo)ds + (1, V) = / (. p)ds.
0 0 0

forall 9 € V= H'(0, T; L*(Q)) N L*(0, T; HJ (Q)), the function u satisfies the grgi.ii(r)li
constraint
|[Vu| < gae.in Q, 2.21)
and the term Y satisfies
T € By (Vu). (2.22)

In order to find a weak solution to the constrained wave equation we need to give suitable
initial data. In the case of the homogeneous Dirichlet boundary condition, we shall require

g, u1 € V.= Hj () (2.23)
with |[Vug| < g(0) a.e. in Q. (2.24)
We can now state our first main result:

Theorem 2.2. Let T > 0, suppose g € W]’OO(O, T; L°°(2)) is such that

g>80>0,

for some constant go, assume f € L*(0, T; L2()) and ug, uy are as in (2.23) and (2.24). Then
there exist u € H'(0, T; H& (Q)) and Y € Hy such that the pair (u,Y) is a solution to the
constrained wave equation with Dirichlet boundary condition in the sense of Definition 2.1.

As it will follow from the proof of Theorem 2.2, we may anticipate some remarks, the first one
being a kind of local in time version of the weak formulation for the dynamics of the viscoelastic
locked membrane.
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Remark 2.3. For all € (0, T') there exists Y; € Hg . such that the following local version of the
constrained wave equation holds

t t t
(), p(t)) — (u1,9(0)) — /(ﬂ,fb)ds +/(Vu + Vi, Vo)ds + (Y1, Vo)), =/(f, @)ds,
0 0 0
(2.25)
for all ¢ € V;. Moreover
Yy € Bu,i(Vu). (2.26)

Furthermore the reaction term Y; is compatible with Y, in the sense that if ¢ € V; satisfies
¢(t) =0, then

where ¢ is the extension to zero on (7, T] x €2 of ¢.

Remark 2.4. During the proof of Theorem 2.2 we will see that the reaction term Y is the limit
(as € — 0) in 1, of a sequence

ke(IVue|> — g*)Vue € Hy, (2.28)
where k. () : R — [0, 00) is a suitable function depending on the parameter € > 0 (see (3.1)
below). At the same time we will show that such a sequence is uniformly bounded in 1L1(QT),
which can be regarded as a subespace of IL.°°(Q7)’, and applying Alaoglu’s theorem in this
space, we may also consider that, for some generalised subsequence or subnet, it also converges

weakly* in the space of charges to some Y € L*°(Q7)’. Consequently, this T may also be rep-
resented by a finitely additive measure Y™, in the sense that

(7, Vo) =[71, Vo] = / Vo -dY*, (2.29)
or

forall g € VN L®(0, T; WH°(Q)).
Remark 2.5. We will also see that, likewise the sequence in (2.28), also the sequence
ke(IVuel* — g%, (2.30)

will be uniformly bounded in L'(Q7). This entails that there is, up to generalised subsequences,
A € L*®(Qr) such that

ke(IVuel)? — g% — A weakly* in L>(Q7)’. (2.31)
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The term A plays the role of a Lagrange multiplier. The corresponding charge A* represents A, in
the sense that

VY, Vol = [h, Vi - Vo] = / (V- Ve)dar, (232)
or

forall ¢, € VNL®(0, T; W->(Q)).

In view of the previous remarks, we have to specify which is the relation between Y and A.
This is clarified by our second main result, which is based on the new definition in terms of the
displacement u# and the Lagrange multiplier X, and also provides an energy inequality for all
te(0,7).

Definition 2.6. A pair (u, A) with u € H'(0, T; HOl (), L € L®(Q7), is said to be a gener-
alised solution to the constrained wave equation if the following properties hold:

(i’) Conditions (2.16), (2.17), and (2.18), hold, together with the initial condition (2.19).
(i1”) The following weak expression of the wave equation holds

T T T
@(T), 9(T)) = (1, 9(0)) — / (i1, p)ds+ / (Vu+ Vi, Vo)ds+ [, V- Vo] = / (. p)ds,
0 0 0

(2.33)
forall g € VN L®(0, T; W()). Moreover

|Vu| <gae.inQr, A>0 and A(Vul?—g?) =0 inL®(Q7r). (2.34)

(iii’) For all € (0, T') the following local generalised version of the wave equation holds

t

t t
(ua),w(r))—(ul,won—/(u,¢)ds+/<w+w, Vo)ds+[x, Vu-Vgl, =/<f, o)ds.
0 0

0
(2.35)
forall o € V; N L0, t; WH®(Q)).

Remark 2.7. Let us comment on Definition 2.6. Note that A is not defined as a distribution, but

as a charge, i.e., an element in L*°(Q7)’. Specifically, in point (iii’) we have noted [, -], the
duality between L®°(Q;)’ and L*°(Q;). This is defined as

[, Fl; =2, Fl,
where F is the extension of F € L*°(Q;) to an element of L°°(Q7) by setting F=0on or\ Q.
As a consequence, if ¢ € V; N L>(0, t; W-°°(Q)) is such that ¢(r) = 0, and if ¢ denotes its
extension to 0 on Q7 \ O, then comparing (2.35) and (2.25) it is expected that

[A, Vu - Vol = (Tr, @) (2.36)
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Nevertheless, note that the two definitions of solutions are not equivalent and in both cases
the uniqueness of the solution is an open problem.

Indeed, this is the case, as it is established in our second main result, which implies that the
energy of the system is not increasing if f = 0 and the threshold g is time independent.

Theorem 2.8. Under the same assumptions of Theorem 2.2, there exists a generalised solution

(u, L) to the constrained wave equation in the sense of Definition 2.6, which is related to a weak
solution (u, Y) in the sense of Definition 2.1 by the relation between A and Y given by

[A, Vu - Vo] = (T, Vo)), (2.37)
forany ¢ € VN L™, T; WHo(Q)). In addition the following energy inequality holds for a.e.

te(0,T]

t
1. 1 . 1 1
Enu(t)niz+5||W(r)||iz+/||Vu<s)||§zds5 Sz + 2 IVuoll 7
0

1
+ [ itonds g
0
We conclude this section by observing that weak solutions provided by Theorem 2.2 and
Theorem 2.8 also solve the same variational inequality version of (2.20) and of (2.33).
Remark 2.9.Let (1, Y) (resp. (#,))) be a solution provided by Theorem 2.2 (resp. Theo-
rem 2.8); then u satisfies the constraint |Vu| < g a.e.in Qr, and for all ¢ € V with |Vg| < g

a.e. in Q7, by the definition of the subdifferential in (2.22), in the first case, and as a conse-
quence of (2.34) in the second case, the following holds

T T
@(T),u(T)—o(T)) — /(L't, u—@)ds + /(Vu + Vi, Vu — Ve)ds <
0 0

T
(w1, uo — ¢(0)) + /(f, u—gds. (2.38)
0

3. The approximate problem
3.1. The penalisation term

Following the theory developed for elliptic and parabolic equations with unilateral constraints
(see [11, Chapter 3, Section 5]) we introduce a penalisation operator in order to obtain, at the
limit, a solution which satisfies the gradient constraint (see also [5], [18], [19], [20] for hyperbolic

PDEs).
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For any € € (0, 1) we define

y+

NS

where y* =y V0, y € R. The function k. : R — [0, +00) is continuous nondecreasing, assumes
the value 0 on the set (—o0, 0], is strictly positive on (0, 400), and bounded by % As e (0 we
have k. ' k, where

1
ke(y) =~ (3.1

0 for y <0,

(3.2)
400 fory >0,

k(y) = {

the indicator function of (—oo0, 0]. Let us denote by K¢ (y) := foy ke (r)dr, that is

1
Kg(y>=g(\/(y+)2+1_1).

The function K, is nonnegative and convex of class C'(R). As € \, 0 we have K. ' K, the
function in (2.13) (which actually coincides with k).
Let g be the function introduced in (2.11). We define, for all € € (0, 1), the operator

T
Je(A) ::/f%KG(|A(x,t)|2—g(x,t)z)dxdt, (3.3)
0 Q

for any A € L2(Qr). We say that G € L%(Q7) belongs to the subdifferential 9/, (with respect
to the IL2-duality) at A € L2(Q7), and we write G € 3J, (A), if and only if for all B € L?(Q7)
we have

Je(B) — J(A) > / G - (B — A)dxdt. (3.4)
or
By definition of J it turns out that
G €dJ.(A) ifandonlyif G(x,1)=ke(|A(x,1)|? —g(x,0)?)A(x,1) forae. (x,1) € Qr.

(3.5
Indeed, if we choose B = A + hg in (3.4), with ¢ € L2(Q7), we infer that

Je(A +ho) — J(A
/k6(|A|2—g2)A-<pdxdt= lim JeAThO) = Je( )E/Gwpdxdt,
h—0t h

or or
whereas the opposite inequality is obtained letting # — 0~. Thus one has

/k6(|A|2—g2)A-<pdxdt=/G-<pdxdt,
or or
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which implies (3.5) thanks to the arbitrariness of ¢.
To shortcut the notation we write

Be =0 Je, (3.6)

for the subdifferential of J. with respect to I.?(Q7)-duality. We now see, without entering into
details (we refer to [5,18,20] for a more exhaustive discussion), that the operators J¢ suitably
approximate J, the operator defined in (2.12), as € — 0 (and, consequently, S approximate
Bw, in a suitable sense). Indeed, noticing that the operators K. are increasing as € N\ 0, and
hence converge pointwise to the limit function K defined in (2.13), it is possible to show that J,
converge to J in the sense of Mosco (see [1, Theorem 3.20]). As a consequence the monotone
operators S are converging to 8, in the sense of graphs (see [1]), and following the discussion in
[5] (see also [20]), this allows to show the following Minty-type trick: If a sequence (G, A¢) €
Hy x Hy with Ge € Be(Ae) satisfies

Ac — Aweaklyin Hy, Ge— G weakly in Hy,
and limsup((Ge, A¢)) < (G, A)), (3.7

€0
then
G € By (A), 3.8
(see [20, Lemma 2.4]).
3.2. The regularized problem
In this section we study the strongly damped wave equation with a regularized gradient con-

straint, i.e. we replace the full constraint (1.2) with a penalised version of it. More precisely,
strong solutions u to the wave equation with regularized penalisation should satisfy

lic — Aute — Atie — divke(|Vue|* — g2)Vue) = f. (3.9)

We complement (3.9) with Dirichlet boundary condition

ue =00n 02, (3.10)

and initial data
ue(0) =ug, c(0)=uy, (3.11)
and ug,uy €V. (3.12)

Actually, it is convenient to consider a slightly different equation than the strong formulation
(3.9)-(3.10): we require that

614



J.F. Rodrigues and R. Scala Journal of Differential Equations 317 (2022) 603638

t t
(e (1), 9(1)) — (1, 9(0)) — / (e, §)ds + / (Ve + Viie. Vo)ds
0 0

1 t
+ / (ke(|Vite|? — §%) Ve, Vo) = / (f. 0)ds, (3.13)
0 0

forallp e Vandr e (0,T].
For € € (0, 1), the following existence theorem for the regularized solutions holds.

Theorem 3.1. Let T > 0 and let ug,u1 be as in (3.11) or (3.12). Assume also f € L2(O, T;
L2(Q)) and g € WH°(0, T; L®(2)). Then for all € € (0, 1) there exists a solution u¢ to (3.13)
such that

ue € Wh(0, T; L*(R2)) N H'(0, T; Hy (), (3.14)
e € H'(0,T; HY(Q)). (3.15)
Proof. We sketch the proof of Theorem 3.1, which is based on a standard time discretisation

procedure: let n € N be a positive integer, let 7 := T'/n, and #; := k7, k = —1,0,...,n. We
define

Up,0 = UQ, Up,—1 :=U) — TUY,

and for all £ > 1 we define recursively

Up =argmin{F, (u) :u € V}, (3.16)
where

I u—upp—1 Unk—1 — Un k-2 2 1 2
Fox(u)= > - 72+ 5 1Vully,
2 T T L= "2 L

T Vu—Vu, 1
AL

5 172+ Je(Vu) = (f (1), w),

which results convex and coercive. Notice the dependence of u, ; on €. We have however
dropped the label €, for the reader convenience. As minimizer of Fj, k, un  satisfies the Euler-
Lagrange equation

u — Uy f— Up —1 — Up f— Vu —Vu, i_
Tﬁl( n,k - n,k—1 _ n,k—1 n,k—2 7 (ﬂ) + (Vun,kv V(p) + ( n,k n,k—1 ’ V(p)
(ke Vit k> — g5 Vi x, Vo) — (f (1), 9) =0, (3.17)

for all ¢ € V. Then one defines the piecewise affine interpolant u,, : [—7, T] — V by interpolat-
ing the values u, x on the points t, k = —1, ..., n. Also, one set vy, y := ="k~ "and define
the piecewise affine function v, by interpolating the values of v, ; on f;. With the aid of the
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additional piecewise constant maps %, and v,, (which equal u, ; and v, ; on [f;—1, ), respec-
tively), one puts ¢ = v, x 1= UnkZ8nk=1 i (3.17) and summingonk =0, ...,m, m < n, standard
arguments allow to show the a-priori estimates

up € H'(0, T: V)N WH(0, T; L2(Q)), (3.18)
vp € L0, T; L*(2)) N L%, T; V)NH' (0, T; V'), (3.19)
f1<6(|w,,|2 —g%)dx € L0, T). (3.20)
Q

The norms of the functions above are uniformly bounded by a constant independent of t. On the
other hand, thanks to the boundedness of k¢ by é we infer

ke (IVuy|* — g*)Vu, e L*(Q7), (3.21)

uniformly with respect to 7. By (3.21) it follows that the operator

Vogps /1<€(|wn|2 — g5 Vu, - Vedx, (3.22)
Q

belongs to V', and hence by comparison in (3.17) we easily infer
on € L20,T; V).
The estimates above allow to pass to the limit as T — 0, obtaining the limiting functions u. and

ve. Again, standard arguments show that the limits of u, and u,, coincide (likewise the limits of
v, and Uy,) and also that iz, = ve. More precisely, we have

u, — ue weakly in H'(0,T; V) and weakly star in w0, T; L*(Q)),
vp — it weakly in L2(0, T; V)N H' (0, T; V') and weakly star in L>°(0, T'; L*(2)),
ke(IVun > — g2)Vu, — Ye weakly in L2(Q7). (3.23)

Moreover, since k¢ (| Vi, |> — g?) is uniformly bounded in L>°(Q7), we can assume that there is
Le € L*°(Q7) such that

ke (|Vin|> — g%) — Ae weakly star in L*(Q7). (3.24)
We also observe that, using Aubin-Lions Lemma, we infer

U (1) = 11 (¢) strongly in L% (Q) Vte[0,T],
vn —> it strongly in L?(0, T; L*(2)) (3.25)

Now, if fAn represents the piecewise constant interpolant of the values f(#;) on [0, T], (3.17)
might be written as
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(0 (1), @) + (Vitn (1), Vo) + (Vity (1), Vo) + (ke (Vin (01> — g2(1)Vuun (1), Vo) = (fn (1), 9),

(3.26)
forae.t€[0,T]andallp € V.
We can also use test functions ¢ € V, so that integrating (3.26) on [0, T'], we obtain
T T
(n(T), @) — (u1,9) — /(vn,¢)dt+/(Vun + Vi, Vo)dt
0 0
T T
+ [ 9l = 9, Vords = [ prdr =0, (3.27)
0 0
and passing to the limit as T — 0 we get
T T
(D). 0) = )~ [ e gde + [ (Ve +Vite, Vorar
0 0
T T
+/(T6,V<p)dt - /(f, @)dt =0. (3.28)
0 0

We have to identify Y. Putting ¢ = u,, in (3.27) and letting T — 0 we deduce

T T
lim sup / (ke(|Vun|* — ) Vuy, Vuy)dt < / (fsute) — (e (T), ue(T)) + (u1, up)
e—0
0 0

T T
. 1
+ / i |*d1 — / / VuePdxdt = IVue(T)l72 + 1 VuollZ, (3.29)
0 0 Q

where we have used the convergences in (3.23) and (3.25). The right-hand side of the previous
expression, by (3.28) with ¢ = u., equals fOT (Ye, Vue)dt, so that we infer

n—oo

T T
lim sup / (ke(|Vuun|* — ) Vuy, Vuy)dt < f (Ye, Vue)dt,
0 0
which implies
Y €dJe(Vue).

But since K. is convex and of class C!, from this we deduce

617



J.F. Rodrigues and R. Scala Journal of Differential Equations 317 (2022) 603638

Yo =ke(|Vue)® — g>)Vue  ae.in Qr.
In turn, from (3.28), we deduce (3.13), and the proof of Theorem 3.1 is complete. O

Note that, from (3.26), if ¢ € L?(0, T; V) we can pass to the limit and get, equivalently,

S~

T T T
lievghdi + [ (Vue +Vite, Yoy + [ keVul = Ve, Vordr = [ (£, 2.
0 0 0
In addition, if we take any ¢ smooth and compactly supported in Qr, we can integrate by parts
the last expression and infer
iic — Aue — Atte — divike | Vuel* — g*)Vue) = f, (3.30)

as distributions in Q7.
3.3. A priori estimates

Next, our strategy will be to consider solutions u# provided by the preceding theorem and to
show that, as € — 0, they converge to a weak solution of the constrained wave equation. To this
aim we have first to establish some a-priori estimates independent of €. We prove the following

Lemma:

Lemma 3.2. There is a constant C > 0 independent of € such that for any € € (0, 1) there holds

el 10,7y < C (3.31)
like (D117 + / Ke(Vue > =g <C forallt €0, T, (332)
Q
ke (Vuel> = 821 op) + ke (1Vul® = g Vuelll 1o,
+ ke (IVue|* = g Vue*ll 1oy < C. (3.33)
ke (1Vuel* = §%)Vuellay, < C. (3.34)
liiell £10.7:x) < C, (3.35)

where X := H*"1(Q) and k = k(d) € N is such that L' (S; RY) cc H*(Q; R?) continuously
and compactly.

Proof. In the next computations C represents a positive constant which might change from line
to line. In order to shortcut the notation we will denote

~ 1 —~
K (1) := 5K6<|w€<r>|2 — g, ke(t) :=ke(|Vue(@®)|* — g(0)?).
Step 1. Testing equation (3.13) by ¢ = 1 we get
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1 1
e @172 + S 1Vuc®l / IVite($)117.ds + / Kc(t)dx
| | t t
= Slulgs + 5 1IVuollz + / Ke()dx + / (f(9).1ic(s))ds — / f ke(s)8(5)8(s)dxds
Q 0 0 Q

t t
§C+C/ ||L't€(s)||%2ds+C//7<;(s)dxds. (3.36)
0 0 Q

Moreover, using that g > go > 0,

/ / Re(s)dxds = = / / ke(s)g(s)*dxds
80
0

Q

t
= i2//1€e(s)(g(S)2 — |Vue(s)|Pdxds + %//EG(S)WMG(S)Ideds, (3.37)
% 809 o

and setting A :={(x,s) € Or : |Vuc(x, s)|2 —g(x, s)2 > 0}, we also have

1

5 / ke(s)(8()* = |Vue (s)P)dxds < 0. (3.38)
80

AeNQy

t
L T (5)(g(s)? — 2 _
2 «()(g($)” = [Vue(s)|)dxds =
gOOQ

Therefore, from (3.36), we arrive at

||ue(r)||Lz+ ||Vue(r>||iz+ f Vit ()17 ,ds + f Ke(t)dx
Q

t t
5C+c/||u€(s)||§2ds+C//E(s)|vue(s)|2dsdx. (3.39)
0

Testing the wave equation (3.13) with ¢ = u, instead we obtain

t t t
f / Be) Ve s) s = / (F(5). e ())ds + / lite ()12 ds
Q 0 0

1 1 .
—~ f IVue(s)|12,ds — Enwe(r)niz + §||wo||i2 + (u1, o) — (e (1), ue (1))
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t
. V. 1
<C+ cf lie(5)IZ2ds + S llieO)lI72 + gnuemniz, (3.40)
0

where the constant y > 0 is arbitrary, and by writing

1 1

||ue(r>||iz=f|uo+fue<s>ds|2dxsc+2f(f e (5)1ds)?dx
Q 0

0 Q

; /
sc+2f|T/|ue<s)|2ds|dxsc+c/||ug(s)||izds, (3.41)
Q 0 0
we have estimated the term
/ (f (), ue(s))ds < % / IIf(S)IIizdS+% f lue ()1 2ds <C+C f liie ($)1I72ds.  (3.42)
0 0 0 0

The constant C appearing in the previous estimates is independent of € and depends on the
external force f and the initial conditions u¢ and u. So, plugging (3.40) into (3.39) we infer

t
- I . _
i1 + 3 IVae )12, + / IVite(5)]122ds + / R.(t)dx
0 Q

1
. Cy, . C
<Cc+cC / like ()17 25 + %nue(r)uiz + gnuemniz. (3.43)
0

Thus, after choosing y > 0 small enough in (3.43), and using (3.41) again, we finally find a
constant C > 0 independent of € such that

t t
. 1 , _ .
C'llie Iz + S I Vue®lg. + / Vit ()17 ,ds + / Kedx<C+C f lite ()17 2ds
0 Q 0

where C’ > 0 is a fixed constant independent of €. This allows us to employ Gronwall Lemma
providing the following estimates

ue € WH0, T; L2 Q) N HY0, T; V), (3.44)
/ K.()dx € L0, T), (3.45)
Q

uniformly with respect to € € (0, 1). Furthermore, going back to (3.36), (3.37), and (3.40), we
also obtain
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ke € L'(Q1), (3.46)
kelVuel* € L'(Qr), (3.47)

uniformly with respect to € € (0, 1). From this and the inequality 2|Vu,| < 1 + |Vu,|* we also
get

kelVuel € L'(Qr), (3.48)
uniformly with respect to € € (0, 1). The first a-priori estimates are achieved.

Step 2. We will now prove that keVue € M uniformly with respect to €. Indeed, let F € Hy.
We know there is v € V such that F = Vv, and by equation (3.13),

T
(ke Vite, F)) = (ke Ve, Vo) = —(ite (T), v(T)) — (u1, v(0)) + / (iie, V)ds
0

T '
- /(Vz,tE + Vi, Vu)ds + /(f, v)ds <
0 0

< llite (M) 20 (Tl 2 + CllvO) I 2 + Nteell 22y 101 2022y + Vel gy IVl 2212
+ Cllvll 22y
<Clvlly = I Fllny, (3.49)

where we have employed the uniform boundedness (3.44) and inequality (2.9). Hence

keVue € Hy, (3.50)

uniformly with respect to € € (0, 1).

Step 3. Depending on the dimension d, there exists k > 0 such that LI(Q;Rd) CcC
H _k(Q;Rd) continuously and compactly. We hence deduce that, if & € LY(; Rd), then
divh € X where X = H¥~1(Q). In particular, we can now look at equation (3.30), and arguing
by comparison, we infer

iic € L'(0,T; X),
uniformly with respectto e € (0,1). O
4. Proof of the main results

We divide the proof of Theorem 2.2 in several steps.
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4.1. Passage to the limit as € — 0

In this Section we consider the solutions u. of the approximate problem and aim to pass to
the limit as € — 0. Notice that the uniform a-priori estimates provided in the previous section
imply the following inclusion

e € L2, T; V)N wbhlo, T; X), 4.1)

uniformly with respect to € € (0, 1). Estimate (4.1) entails that the sequence i, is precompact in
L?(0, T; L*(S2)) (this is a standard generalisation of Aubin-Lions Lemma, see [17,21]). More-
over, since i, € W“(O, T; X) we conclude that, when we extract a suitable subsequence of
€ — 0, u¢ is converging weakly star in BV (0, T'; X) and, thanks to a generalized Helly selec-
tion principle [7, Theorem 7.2], the functions i, are also converging pointwise for all ¢ € [0, T']
weakly in X.

We now extract a subsequence of ¢ — 0 such that, besides the previous convergence,
also the following holds: there is a function u € H'(0, T; V) N W12°(0, T; L*()) with @ €
BV (0, T; X), and there is Y € H%,, such that

ue — u weakly in H'(0, T; V) and weakly star in W0, T; L*(S)), (4.2)
e — 1t weakly starin BV (0, T; X), 4.3)
lte — u strongly in L2(0, T; L*(Q)), (4.4)
e (t) — u(t) weakly in X forall t € [0, T], 4.5)
keVue — Y weakly in Hb. (4.6)

Moreover, by Alaoglu theorem, for some generalised subsequence, we can also assume there is
some A € L®°(Q7)" with

ke — A weakly star in L>(Q7)’. 4.7)
Notice that, having already selected a sequence to guarantee the convergences in (4.2)-(4.6), we
might assume that (4.7) holds for a further subsequence of it.

We are ready to prove the following:

Lemma 4.1. The couple (u, Y) satisfies

T T T
@(T), o(TY) — (1, 9(0)) - / (i1, )ds + / (Vu+ Vi, Vo)ds+ (Y, Vo)) = f (f@)ds. (48)
0 0 0

for all ¢ € V. Moreover the limit function u satisfies
|Vu| <ga.e onQr, 4.9)
and it holds
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T e Bw(Vu). (4.10)

Proof. For all r € [0, T'] we know that 1. (¢) is uniformly bounded in LZ(Q). In particular, con-
vergence (4.5) implies that

lie () — 1i(t) weakly in L2() for all 7 € [0, T]. @.11)

Using the definition of K, estimate (3.45) implies that there exists a constant C > 0 independent
of € such that

T
//\/((|Vue|2—g2)+)2+l—1dxdt§eC. 4.12)
0 Q

Therefore the integrand is tending to 0 in L'(Q7); up to subsequences,
(IVue|* — g% — 0ae.on Q7. (4.13)

Using that K¢(y) has linear growth and is greater than é(y — 1), the dominated convergence
theorem implies

(IVue|? — g%)" — 0strongly in L' (Q7). (4.14)

Standard lower-semicontinuity results give

e—0

T T
//(IVulz—g2)+dxdtsliminf//(|Vu€|2—g2)+dxdt=0, (4.15)
0 Q 0 Q

and therefore

|Vu| < gae.on Qr.

Now, the convergences (4.2)-(4.7), and (4.11) are sufficient to pass to the limit in the weak equa-
tion (3.13), entailing (4.8) for all ¢ € V. For all € € (0, 1) we know that

T
(ke Vite, Vue)) =—(b'te(T),ue(T))Jr(uhuo)Jr/ lice |7 ds
0

T T
1 1
— f IVue()I72ds = S1Vue(Dlz + 5 1Vuoll 2 + / (f.ue)ds, (4.16)
0 0

and taking the limsup as € — 0 we get
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o~

T T
limsup ((ke Ve, Vie)) < —@@(T), u(T)) + (u1, uo) + / 627 ds — / IVu(s)|7ds
0 0

e—0

T
1 1
= S IVu(D)IZ + S Vuoll 2 + / (f.wyds = (Y, Vu). (4.17)
0

The equality follows from (4.8) whereas, to obtain the inequality, we have exploited convergences
(4.2)(4.7), (4.11), and the standard lower semicontinuity property of the L?-norms. This implies
that

YeBy(Vu). O

Lemma 4.2. Let A be as in (4.7), and let (u, ) be as in Lemma 4.1. Then A satisfies (2.34), and
it is related with Y by the condition

A, Vu-Vol= (Y, V) forallg €VNL>®0,T; W Q). (4.18)

Moreover

T T T
@(T), 9(T)) — (u1, 9(0)) — / (i, §)ds + / (Vi + Vi, Vo)ds + [, Vit - Vo] = / (. @)ds.
0 0 0
4.19)
forall g € VN L®0,T; W-°(Q)).

Proof. We begin by observing that A > 0 thanks to ’k\e >0.Letp e VNL>®(,T; wLhoo(Q)), let
us show that

[A, Vu - Vo] = (Y, Vo). (4.20)

To prove (4.20) we observe that on the one hand

lim | kVu - Ve dxdt — [k, Vu - V],

e—>0

or

so it suffices to show that in fact

lim | kVu-Vedxdt — (Y, Vo).

e—>0

Oor

We write
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/Ew-w dxdt = /Ewe Vo dxdt + /E(vu —Vue)-Veodxdt, (4.21)
or or or

and since the first term in the right-hand side tends to (Y, V¢)) we are left to prove that

/ ke(Vu — Vue) - Vo dxdt — 0, (4.22)
or
as € — 0. We claim that
/Ewu — Vuc|Pdxdt — 0 ase— 0. (4.23)
or

From this it follows that

-~ - 1/2
f ke(Vi = Vue) - Vo dxdr < Kl 17,

or

€21V — Vuell 200 IVl (07) = O,
and (4.22) is proved. To show (4.23) we write

T
0< /7<;|Vu — Vu|Pdxdt = /@(we — Vu), Vue — Vu)dt
0

or
T T

o~

= (ke Ve, Vue)) —2/(EWE,W)dt+/(EEW,W)dt, (4.24)
0 0

s0 that passing to the superior limit as € — 0, using (4.17), and the fact that the last term equals
[ke, |Vu|?], we infer

(X, [Vu|?] > (Y, Vu). (4.25)

We are left with proving the opposite inequality. To this aim, since |Vu| < g a.e. on Q and A > 0,
we have

[h, [VulP1 <7, g% = 1in%)[’k}gzdxdt 5limigf/?€|vu€|2dxdt
€— €—

or or
<limsup / ke |Vue |2dxdt < (Y, Vu)). (4.26)
e—>0 0
T

In the second inequality we have used that fQT E(que |2 — g2)dxdt >0, and (4.17) in the last
inequality. In particular we infer

A, [Vul*]= (X, Vi), 4.27)
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and from (4.26) we also get

lim f ke(|Vuel> = g»dxdt = 0. (4.28)
€—
or

As a consequence, by writing

1 2 1 1 1
—y—=—( y2+1——)zg( y24+1-1),

€Vy2+1 € Vyr+l

we infer from (4.28) that
lirr%) Je(Vue) =0. 4.29)
€e—

This observation will be crucial in the proof of Theorem 2.8.

Going back to (4.24) we again pass to the limit and see that the right-hand side tends to zero,
concluding (4.23). This also concludes the proof of (4.20).

It remains to show the last condition in (2.34). On the one hand we have that 76\5 > (), and since
[Vu|? < g2 it follows that

[, [Vul? — g2 =ggn10f?€(|vM|2 ~ Pdxdi <0.
or

Let us prove the opposite inequality. We know that -[QT 7(} (|Vue|* — g»)dxdt =0 by (4.28), and
SO

(A, [Vu|* — g%] > limsup / ke (IVuel? — g9)dxdt =0,
e—0
T

where the first inequality follows from the fact that, thanks to (4.16), (4.17), and (4.27), we have

1imsup/E|w€|2dxdt = limsup((ke Ve, Vue)) < (X, Vu) = [A, |[Vu|?].
e—0 e—0
T

It then follows that
A, |Vul? — g*1=0, (4.30)

which entails the last condition in (2.34), being |Vu| + g > go > 0. To conclude (2.34) we have
to prove that for all £ € L*°(Q7) it holds

(I Vul* — g%, ¢1=0. (4.31)
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To do this we use a Holder inequality for charges (which may be obtained using Young inequality
similarly to the Holder inequality in L? spaces and using Radon integral representation (2.6)) to
write

0 <|[r(g — IVul), 1| < Mg — IVul), £ < [A(g* — [Vul®), L]

g+ |Vu|
<& = |Vul) 1]%[)\( 2 _\vup L]%
- I Gt Val?
2 1
:)\, 2_V21A2_V2|§‘—|7: 42
[, (€% — Va2 [A(g? = [Vul?), <g+|w|)2] 0, 432)

where we have used that 0 < gop < g, g > |Vu| ae. in Qr, and (4.30). Lemma 4.2 is
achieved. O

We further comment on some consequence of the previous proof. Passing to the liminf in
(4.24) we can also conclude

o~

liminf((k, Ve, Vi) > (Y, V), (4.33)

e—0
and this, together with (4.17) gives

o~

lim (ke Vute, Vue)) = (T, Vu). (4.34)

In particular the inequality in (4.17) is an equality and using (4.16) we infer the following strong
convergences

T T
/ IVie(s)]22ds — / IVu(s)|2ds,
0 0

and
IVue@®ll3, — |Vu@®)|3, forae.t € [0, T] and for t = T.
That is
ue — u strongly in Lz(O, T,V), (4.35)
ue(T) — u(T) strongly in V. (4.36)

With this properties at disposal we are ready to conclude the proof of Theorem 2.2.
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4.2. Proofs of Theorem 2.2 and Theorem 2.8

Proof of Theorem 2.2. We have to show that the pair (u, Y) is a solution in the sense of Defini-
tion 2.1. Conditions (i) and (ii) are readily achieved by the results obtained in Lemma 4.1. Indeed
(2.16) and (2.17) are obtained by (4.2) and (4.3), whereas, (2.18) follows from (4.9) and the ini-
tial data are satisfied by (4.2) and (4.11). To check point (ii) of Definition 2.1 we just invoke
Lemma 4.1. Theorem 2.2 is proved. O

Let us comment on the local version of the weak equation (2.25). As a first observation, all the
estimates above valid for the time interval [0, T'] are easily seen to be true on every subinterval
[0,7], 0 <t < T. Recalling the notation in (2.4) for the spaces V;, H;, and Hy ¢, we follow the
lines of [5] from which it is easy to see that for all # € (0, T') there exists Y; € H’V’t such that, for
the same subsequence of the convergences (4.2)-(4.11), it holds

keVueL g, — Y; weakly in 15 ,, (4.37)

and

Y: € Buw.:(Vu), (4.38)

where f,, ; is the subdifferential of the functional J;, obtained from J by integrating K over O
instead of Q7. Namely,

t

1

Jr=1lim JE,  Je,(A) :://—KE(|A(x,s)|2—g(x,s)z)dxds.

e—0 2
0 Q

More precisely, we employ the wave equation (3.13) which is valid for any 7 € (0, T']. Then we
write

t

«QVuaV¢»ﬂ=—o@axwa»+wuh¢m»+1/m@¢ym
0

t t
—/WW+VMN@w+/UMM&
0 0

and exploiting the convergences obtained so far we deduce that, for the same subsequence of
€ — 0, the right-hand side tends to

1 1 1

- (L't(t),w(t))+(u1,¢(0))+/(L't,¢)ds —/(VM +Vﬂ,V¢)dS+/(f, @)ds =: (i, ).
0 0 0

The argument in (4.16) and (4.17) can be repeated achieving (4.38). From the last expression
also equation (2.27) becomes evident. As for the case r = T we pass to the limit in the weak
equation (3.13) and (2.25) is inferred.
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We are ready to prove Theorem 2.8.

Proof of Theorem 2.8. We have already proved the existence of X in (4.7). Relation (2.37) fol-
lows from (4.18). We have to show that the pair (u, A) is a generalised solution in the sense
of Definition 2.6. Condition (i’) and (2.33) follows from Theorem 2.2 and relation (2.37). The
conditions in (2.34) follow from Lemma 4.2, while condition (iii’) follows from Lemma 4.2 and

arguing as before for (2.25) (see Remark 2.3).

It remains to prove the energy inequality. From (4.29), we know that for a.e. r € [0, T] we

have

/ K. (t)dx — 0,

Q

as € — 0. Using (4.35)-(4.36) we pass to the inferior limit the energy equality

t
. | . _
SN+ 3 IVae @) 2, + / IVite (5)12ds + / R.(tydx
0 Q

t t
1 1 —~
= luoliz2 + S IVuollz, + / (f(9), tie(s))ds — / / ke(5)g(s)g(s)dxds,
0 0 Q

arriving to
t
l||a<t)||2 + L 1vu 12, + [ 1Vi)1P2ds < uols + ~ [ Vuol?
2 L2 2 LZ L2 _2 0 L2 2 0 L2
0

t t
+ / (fs), d(s))ds — lim / / R(9)g(5)3 ()dxds,
0 0 Q

for a.e. t € [0, T']. The conclusion follows from the fact that, by (4.7), we have

t
lim / / R(9)g($)é(s)dxds = [h, gély. O
0 Q

5. Extension to Neumann type boundary conditions

(4.39)

(4.40)

(4.41)

In this section we aim to extend the previous results to a more general boundary condition
for u. Specifically, for given o € [0, +00) we would like to impose a Fourier boundary condition

formally of the type

ou ou
au+—+—+YT -v=00n0%,
v dv

629

5.1)



J.F. Rodrigues and R. Scala Journal of Differential Equations 317 (2022) 603638

if we had enough regularity on Y. The homogeneous Neumann condition is inferred when o =0
whereas we can consider homogeneous Dirichlet condition setting formally o = +o0.
Moreover, in this section, we will redefine some notation; precisely we denote

V:=HYQ).

Accordingly, all the notation in (2.2)-(2.5) are now redefined with this convention. The new
hypothesis on the initial data will be

w0 =up, @@ =u,  uo,ur€H (Q). (5.2)
We will look for solutions satisfying condition (5.1) in a weak sense. More precisely, we start

from an approximate problem solution u. which satisfies (5.1) up to an error due to the presence
of the penalisation term. The weak equation we are concerned with is the following

1 t
(e (1), (1)) — (u1, 9(0)) — /(b'te,qb)ds +/(Vue + Viie, Vo)ds
0 0

t

t t
+/a(ue,<p)aszds +/(ks(|Vue|2 — &°)Vue, Vo)ds = /(f, p)ds, (5.3)
0 0 0

for all ¢ € V and ¢ € (0, T]. We can state the analogous of Theorem 3.1:

Theorem 5.1. Let T > 0, let ug,u be as in (5.2), assume f € L*(0,T;L*(Q)) and g €
W12°(0, T; L®(R)). Then for all € € (0, 1) there exists a solution uc to (5.3) with

ue € WH0, T; LXAQ) N HY(0, T; H(Q)), (5.4)
e € H(0,T; V). (5.5)

The proof of this result is identical to the one of Theorem 3.1, with the only difference that
now we modify the definition of the functionals F;, . We set

Un,0 = UQ, Up,—1 = U0 — TUL,
and for all £k > 1 we define recursively

Up i »=argmin{F,"; (u) 1u € V}, (5.6)
where

o
F@) = Fuic@) + 2 lull 2 g (5.7)

Notice that for « = 0 the functional Fr? « = Fu, and it is still coercive on V thanks to the
presence of the inertial quadratic term. The Euler-Lagrange equation associated is
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Upk — Unk—1  Unk—1— Up k-2 k— Vuy p—1

1 Vu,,
T ( T - T ) (p) + (Vuﬂ,kv VQO) + ( ) V(p)
(ke (\Vitn > — 85 Vitn ki, V) + atlttn ik, @)aa — (f (1), ) =0, (5.3)
for all € V. Also in this case one puts ¢ = v, x := w in(5.8)and sumonk =0,...,m,

m < n. The interpolants u, and v, satisfy

up € HY(0, T; V)N WH%(0, T; L*(Q)),
vy € L®(0, T; L*(Q)) N L*(0,T; V),
v, € H'(0,T; V).
Again, standard arguments allow to pass to the limit as T — 0, providing us with a solution of

(5.3) (we omit the details, the proof being very similar to the one of Theorem 3.1).
Next, we fix initial data as in (5.2) and such that

[Vug| < g(0) a.e. on Q. 5.9

We now discuss how to extend Theorem 2.2 to boundary conditions of the type of (5.1). First we
introduce the concept of weak solution we look for.

Definition 5.2. A pair (u, Y) with u € H'(0, T; H'()) and T € My, is a weak solution to the
constrained wave equation with Fourier type boundary condition if:

(i) Conditions (2.16), (2.17), and (2.18) hold, together with the initial condition (2.19).
(ii) The following weak expression of the wave equation holds

T T
@(TY, o(T)) = (1, 9(0)) — / (i1, §)ds + / (Vu + Vit, Vo)ds
0 0
T T
+ / o, 9)pads + (1, Vo)) = / (. o)ds, (5.10)
0 0

for all ¢ € V, and moreover (2.22) holds.

Also for this kind of solution we will prove the existence of A as in Theorem 2.8, such that
(2.37) holds. Thanks to this relation it is possible to show that the couple (u, A) is a solution in
the sense explained by the following:

Definition 5.3. A pair (u, 1) with u € HY0,T; HY(Q)), » € L®(Q7), is a generalised solu-
tion to the constrained wave equation with Fourier type boundary conditions if the following
properties hold:

(i) The function u satisfies (2.16), (2.17), (2.18), and the initial data (2.19).
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(ii’) The following expression of the wave equation holds

T T
@(T), p(T)) — (u1, ¢(0)) —/(ﬂ,¢)ds+f(Vu+Vﬁ,Vfﬂ)dS
0 0

T T

+/a(u,§0)aszds+[?»,W-V¢] =/(f, o)ds, 5.11)
0 0

forall p € VN L>®(0, T; WH(Q)), together with condition (2.34).
(iii’) For all ¢ € (0, T) the following local version of the wave equation holds

t t
(1), (1)) — (u1, 9(0)) —/(ﬂ,¢)ds+/(Vu+Vﬁ,pr)dS
0 0

t t

+ / «(t, 9)sads + [h, Vit - Vol = / (. p)ds, 5.12)
0 0

forall ¢ € V, N L%°(0, r; WH°(Q)).

We summarize the existence result for solutions as in Definition 5.2 and Definition 5.3 in the
following:

Theorem 5.4.Let T > 0, assume (5.2), suppose g € WH2°(0,T; L®(R2)) be such that
g > go, for some constant gy > 0, and assume f € LZ(O, T: L*(Q)). Then there exist u €
HY0,T; HY(Q)), Y e HY, and » € L>®(Q7)’, such that (u, Y) is a solution to the constrained
wave equation with Neumann (o = 0) or Fourier (o« > 0) boundary conditions in the sense of
Definition (5.2), while (u, 1) is a solution in the sense of Definition 5.3. Also in this case A and
Y are related by (2.37).

Again, we have the following result on the energy of the system.

Theorem 5.5. Let (u, ) be a solution provided by Theorem 5.4. Then for all t € (0, T],

t
1 . 1 1 .
SO + SIVaOIL + Sellu g0 + / IVi(s)II3 2ds
0

t
1 1 1 . .
< S llurlZa + Selluolfa gy + 5 1 Vuolz. + [(f(s), i(s)ds — [+ g8l (5.13)
0

The variational inequality formulation of the problem with Fourier type boundary conditions
is the following. Let u be the solution of Theorem 5.4, then u satisfies |[Vu| < g a.e. in Q7, and
for all ¢ € V with |Vg| < g a.e. in Q7 it holds
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@(T), u(T) —o(T)) — /(L't, u—@)dt+ /(Vu + Vi, Vu — Vo)dt

T

+/Oé(u,u—<p)aszdt§ (ul,uo—¢(0))+/(f,u—</>)dt- (5.14)
0

0

We now sketch the proofs of Theorems 5.4 and 5.5, which are completely similar to the proofs
of Theorems 2.2 and 2.8.

We start with Lemma 3.2 that is achieved with identical estimates. Namely, testing (5.3) by
i we infer

||ue<r)||Lz+ e @120, + ||we<z)||L2+ / Vi ()12,ds + / Re(t)dx
Q

t
1 1 ~ .
=S lulg. + ||u0||L2(3Q) SIVuolz. + / K (0)dx + / (f(9), tie(s))ds

Q

t t t
- [ [Feweiwasas <c ¢ [licontas ¢ [ [Foavas
0 Q 0 0 Q

which leads to

1 . o 1
Slie@N32 + S 125, + 5 1Vue Ol / IVite ()11 ,ds + / Ke(t)dx

t t
§C+C/||L'¢E(s)||izds+C/-/7c;(s)|Vu€(s)|2dxds. (5.15)
0 0 Q

The last term is estimated by

t t t t
/ / £ (5) Ve s) Pdxds = f (F5), ue()ds + / ke ()12 s — / IVie(5)]122ds
0 0 0 0

t

/ e (5) g5 — 3 VeI + 3 V01 + Gt ) — (i (), we4)

0

<C+C [ i@ 2ads + Ll )12 + — e ) I
< O s + Zie )+ 2 e )1 (5.16)
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and we arrive to

t
Cie )12 + E e 200 + =1 Vue )] Vi $)2ads +2 [ Rod
€ L2 2 ué LZ(HQ) 2 ME( )”L2+ ” ue(s)”LZ S+ E() X
0 Q

t
§C+C/ lice ()13 »ds. (5.17)
0

Again Gronwall Lemma together with Poincaré inequality

luell > < e(IVuel7a + luell?pq)- (5.18)

yields the same estimates as in Lemma 3.2. Specifically, the third, forth, and last estimate in this
lemma are achieved identically as there, taking also into account the boundary terms, namely, for
instance,

T

T
((keVue, F)) = (ke Ve, Vv)) = =@t (T), v(T)) — (“17U(O))+/(uevb)d1+/a(”evv)39dt
0 0

T T
— f(Vue + Vi, Vu)ds + f(f, v)ds <
0 0

<l (M2 v (Mllg2 + CllvO g2 + el 22y 101 222y + I Vuell g IVl 22
+ Cllvll 22y
=Clvlly = IFliny, (5.19)
forall F € Hy, with F = Vu.
Notice that convergence (4.2) entails also strong convergence of u, to u in L?(0, T; V), which
in turn implies strong convergence of the boundary term u._jq to uLyq. These convergences

allows to replicate the arguments in (4.17) and (4.16). The rest of the proof of Theorem 5.4 is
straightforward. Also Theorem 5.5 is easily achieved similarly to the proof of Theorem 2.8.

5.1. Limit as o — +00
In this section we show that a solution (u*, Y) provided by Theorem 5.4 tends, as @ — oo,
to a solution (u, Y) of Theorem 2.2. We have here introduced the label o to emphasize the

dependence on the parameter « € [0, oo) appearing in Definition 5.2.
To prove this result, we have to make the assumption on the initial data that

ug, uy € Hy (Q).
Therefore we state the following:
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Theorem 5.6. Let T > 0, ug, u; € H(% (2) with |Vug| < g(0) a.e. on 2, assume g € w0, T;
L®(Q)) and f € L*(0, T; L*()). Let (u®, Y%, 1%) be a solution provided by Theorem 5.4.
Then there exists a generalised (not relabelled) subsequence (u®, Y%, \%) such that, as &« — 00,

u® — u weakly in H' (0, T; H' ()

Y = Y weakly in Hy,
A% — A weakly star in L (Q71), (5.20)

where (u, Y) is a solution as in Definition 2.1 and (u, A) is a solution as in Definition 2.6.

The need of taking a generalized subsequence is due to the last convergence in (5.20). Notice
however that to ensure the first two convergences we extract a classical subsequence of « — oo,
and then the last convergence can be assumed to hold up to a further subsequence.

Proof. We have to establish some a-priori estimates for (u*, T%) which are independent of «. We
use the approximating generalised sequence uZ employed in the proof of Theorem 5.4. Specifi-
cally, we go back to (5.17) and observe that the constant C is independent of ¢, thanks to the fact
that ug, u; are null on d€2. From this and following again the lines of the proof of Lemma 3.2,
we easily arrive to the following:

Lemma 5.7. There is a constant C > 0 independent of o and € such that the estimates in
Lemma 3.2 hold for u? replacing u., and moreover

a||ug(t)||iz(m) <Cforallt €0, T].

We hence take the limit as € — 0 and obtain the following estimates for the pair (%, Y¢) and
1Y, Namely

u® € H'(0,T; H/(Q) N W0, T; L*(Q)), (5.21)
% e BV(0,T; X), (5.22)
T € Ho, (5.23)
1Y e L®(0r), (5.24)
a'2u% e L20,T; L*(3Q)), (5.25)

and their norms in these spaces are equibounded by a constant independent of «. Hence, passing
to the limit as « — 00, we get, up to a generalised subsequence, that there are u, Y, A with

u® — u weakly in H'(0, T; H'()) and weakly star in W"2°(0, T; L>(Q)),  (5.26)

u® — i weakly star in BV (0, T'; X), (5.27)
1% — i strongly in L2(0, T; L*(Q)), (5.28)
u®(t) — u(r) weakly in LQ(Q) forallt € [0, T], (5.29)
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T — Y weakly in Hg, (5.30)
A% — X weakly starin L*(Q7)’. (5.31)

Moreover, by (5.25),
u® — 0 strongly in L>(0, T; L>(3R2)),

and in particular u* =0, a.e. on (0, T) x d€2. In particular we infer that (2.20) is satisfied.
Also, from condition (i) of Definition 5.2 and from (2.18) valid for u* we easily deduce that
this condition is satisfied by u, and (i) of Definition 2.1 follows. In a similar way, following also
the lines of the proof of Theorem 2.2 in [2], we see that the last condition in (ii) of Definition 2.1
is satisfied. It remains to show (2.22). We own to the argument in (4.16) and (4.17) using u® in
place of u. The only difference between the present case and (4.16) is the appearance, in the

right-hand side, of the term — fOT ollu® ||%2(m)dt < 0, which, being non-positive, leads to (4.17).
As a consequence
lim sup (Y%, Vu®) < (Y, Vu)), (5.32)

oa—>00

which implies Y € B,,(Vu), and the proof that (u, Y) is a solution as in Definition 2.1 is com-
plete.

Let us now check that (u, A) is a solution as in Definition 2.6. To this aim we follow the proof
of Lemma 4.2. The fact that A > 0 is straightforward. Let ¢ € V N L>®(0, T; W*()), and
check that (4.18) holds. This is easy since we know that, for any «, it holds

A%, Vu® - Vo] = (Y%, Vo). (5.33)
By (5.30) the right-hand side tends to (Y, Vg)). We claim that
A%, Vu® - Vo] — [A, Vu - Vol, (5.34)
which in turn will imply (2.37). To prove this, we first write

0 < liminf[A%, |Vu® — Vu|?] < limsup[A%, |[Vu® — Vu|?]

a—00 @—>00

= limsup (A%, [Vu®|*] + [A%, [Vu|*] = 2[2%, Vu® - Vu])

<A, [Vul*1— (Y, Vu)
< [h g71 = (T, Va)) <liminf[2%, g* — [Vu® "] =0, (5.35)

where we have used (5.32) twice, and that [A%, |Vu®|?] = (Y%, Vu®)) for all . Hence we infer
lim [AY, |[Vu® — Vu|*] =0,
oa—> 00
and from this, since A% > 0,
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lim |[A%, (Vu® = Vu) - V]| < im [A%, |[Vu® — Vu||Ve]
a—0 a—0
< lim (12, [Vu® = Va1 0%, | Vo1 ) =0, (536)
o—

so we conclude the claim (5.34). Hence (2.33) is obtained. The check of (2.35) is similar. It
remains to prove the last condition in (2.34). First we see that from (5.35) it also follows that
(5.32) is in fact an equality. Now, we know that

A, [Vu*|* — g*1=0,

so it is sufficient to check that lim,_,o[A%, |Vu°‘|2] =[A, |Vu|2]. But this follows from the fact
that (5.32) is an equality and since (Y, Vu)) =[X, [Vu |21 = [AVu, Vu], which also follows from
(5.35). To conclude (2.34) we can now argue as in (4.32). O
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