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Recent extensive measurements of the thermal conductivity of argon and nitrogen have enabled us to evaluate the first density 
correction as a function of temperature and to compare it with a theoretical prediction. The prediction follows from a previously 
published microscopically based theory, which includes effects due to collisional transfer, collisions among three molecules, and 
monomer-dimer collisions. The first density correction was evaluated for a Lennard-Jones interaction potential. An ad hoc mod- 
ification of the theory accounts for contributions to the thermal conductivity from internal degrees of freedom. The comparison 
shows good agreement over a wide range of temperatures. 

I. Introduction 

Several years ago, Rainwater and Friend [ 1,2] de- 
veloped a theory of the leading density corrections to 
transport properties of gases and successfully applied 
the theory to data available at that time. The theory 
later yielded good agreement [ 3 ] with more recent 
viscosity data for benzene and methanol vapors at low 
reduced temperature [ 41. The initial comparison for 
thermal conductivity was primarily limited to mon- 
atomic gases because of the difftculty in treating en- 
ergy transfer associated with internal degrees of 
freedom. 

New measurements of the thermal conductivity of 
argon and nitrogen by Nieto de Castro, Perkins, and 
co-workers f 5-81 have included sufficient and accu-- 
rate data in the low density and moderately dense gas 
regions to allow a dete~ination of the first density 
coefficient for the thermal conductivity. In the cur- 
rent work, we compare the theory with these new 
measurements. We include the data for polyatomic 
molecules by using an Enskog hard-sphere model to 
calculate the internal contribution to the first density 
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correction as a diffusive process. We also express the 
theoretical results for the transport virial coefft- 
cients, previously reported graphically [ 2 ] and tab- 
ulated for certain values of the reduced temperature 
[ 3 1, in simple correlations. 

A density expansion for the thermal conductivity 
can be written as 

nip, ~)=~*(~)+~,~~)~+..‘, (1) 

where the series may contain nonanalytic terms such 
as p2 Inp [ 9 1; these are of higher order than the linear 
term and are outside our immediate concern. Eq. ( 1) 
can also be written in a virial format, which is the 
basis for our calculations and comparisons, as 

L=&(T) [ 1 +Bn( T)p+...] , (2) 

where the temperature dependences of both RO and 
& are of central importance. Ex~~rnen~ determi- 
nations of BL are made by examining the region where 
the isothermal thermal conductivity data are linear 
in density and evaluating the slope and intercept. 
Comparisons have been based on a dimensionless 
form of the second thermal conductivity virial 
coeffiicient, 

bA = 3B,/2xN,a3 , 13) 
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where NA is the Avogadro constant, Q is the Lennard- 
Jones distance parameter, and the density in eqs. ( 1) 
and (2) should be in moles per unit volume. 

2. Experimental data 

The experimental thermal conductivities of argon 
and nitrogen were obtained with a transient hot-wire 
technique over a broad range of temperatures and 
pressures from 80 to 425 K and from 0.1 to 70 MPa. 
The data obtained at NIST in Boulder for both fluids 
are tabulated in ref. [ 8 1. A discussion of the results 
for gaseous argon is given in ref. [ 5 1. An additional 
correction for the compression work contribution to 
the energy transport has been made; this affects the 
experimental thermal conductivity values of argon at 
low densities. The corrected results for lo and & are 
given in table 1; these supersede the values tabulated 
in table 3 of ref. [ 5 1, and values for lo differ by up to 
6O/6. Table 1 includes the standard deviation of the 
regression tit used to evaluate the zero-density ther- 
mal conductivity and the maximum density used in 
the linear regression. Additional data for argon, ob- 
tained on the hot-wire apparatus at the University of 
Lisbon, have been discussed in ref. [ 6 1. The nitrogen 
data are discussed in ref. [ 7 1. The general accuracy 
of all the data is better than 1% even in the region of 
low density measurements. 

Although the measured experimental parameters 

are temperature and pressure, it is the density depen- 
dence which is important for our discussion. For ar- 
gon in ref. [ 5 1, the equation of state of Younglove 
[ 10 ] was used to analyze the data and to convert from 
pressure to density dependence. The data of ref. [ 6 ] 
were analyzed with the IUPAC equation of state [ 111. 
Differences between the two representations of the 
argon thermodynamic surface are insignificant in the 
density range of interest, so re-analysis of the earlier 
data is not warranted. The equation of state by 
Jacobsen et al. [ 121 was used to study the nitrogen 
dataofref. [7]. 

In addition, isothermal data are required to deter- 
mine both l,, and B+ The experimental method, 
which produces varying temperature rises from about 
2 to 4 K in the experimental cell, gives data corre- 
sponding to the average temperature which occurs 
during the heating cycle (less than 1 s). Replicate 
measurements, corresponding to different tempera- 
ture rises (or power input to the hot wire), serve to 
confirm the absence of convection and the precision 
of the data. The data are not precisely along iso- 
therms because of the varying temperature rises. To 
obtain isothermal data, corrections based on the cor- 
relations presented in refs. [ 5,7] were applied to the 
data. These corrections amounted to no more than 
0.2W of the experimental thermal conductivity. 

The low density isothermal data for argon are 
shown in fig. 1. The temperature ranges from 103 to 
324 K. Several problems are associated with the ex- 

Table 1 

Low density thermal conductivity coefftcients for argon 

T & &a’ 4 Pmu 
W) (mW m-l K-t ) (mW m-l K-r ) (Q mol-‘) (mol Q-t) 

103.00 6.42 0.05 0.155 0.340 

113.00 7.00 0.03 0.147 0.525 

123.00 7.57 0.05 0.143 0.952 

133.00 8.18 0.04 0.133 1.523 

142.00 8.69 0.06 0.127 1.909 

157.00 9.56 0.11 0.110 1.478 

173.00 10.63 0.07 0.0997 2.517 

203.00 12.39 0.06 0.0856 3.339 

223.00 13.43 0.08 0.0804 3.475 

273.00 16.41 0.09 0.0609 3.489 

302.00 17.70 0.10 0.0599 3.988 

324.00 18.89 0.13 0.0561 4.351 

‘) u, is the root mean square deviation in lo as determined from the linear regression. 
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Fig. 1. Low 
correction. 
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traction of the transport second virial coefficients 
from experimental data. First, the accuracy of data 
usually decreases as the density decreases; for in- 
stance, in ref. [ 51 we have estimated the error asso- 
ciated with the measurements as 0.6% at low densi- 
ties but 0.2% in the liquid. Because the vapor pressure 
and the density of the saturated vapor are small at 
low temperatures, in this region it is difftcult to ob- 
tain the quantity of reliable data necessary to obtain 
an accurate first density correction. There is not very 
much density variation between the dilute gas and the 
phase boundary, so that we cannot easily implement 
regression schemes which seek to establish the range 
over which the thermal conductivity is linear in den- 
sity. Finally, isotherms near the critical temperature 
exhibit curvature at relatively low densities; this is 
evidently due to the fluctuation-induced critical en- 
hancement. For argon, with a critical temperature of 
150.86 K, this curvature is quite noticeable in the 
isotherms between 123 and 172 K. In this region, the 
maximum density considered in the regression was 
limited as shown in table 1. It is currently not possi- 

ble to separate unambiguously the critical enhance- 
ment from the background thermal conductivity; 
however, we believe that the contribution from the 
enhancement is quite small in our restricted range of 
density. In the theoretical approach we are examin- 
ing here, we have not attempted to quantify the en- 
hancement contribution. 

From data such as that shown in fig. 1 and an anal- 
ogous plot for nitrogen in ref. [ 7 1, it is possible to 
estimate both the dilute gas thermal conductivity and 
the first density correction. We have estimated the 
linear range of each isotherm, and have obtained the 
slope and intercept of the isotherm using linear 
regression. In table 1, we report values of these quan- 
tities for argon, and a similar table for nitrogen was 
presented in ref. [ 7 1. 

3. Theory 

The theory of the initial density dependence of vis- 
cosity and thermal conductivity was outlined in ref. 
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[ 2 ] . In this section, we will summa~ze the theoreti- 
cal approach and describe the rn~i~~tion which ac- 
counts for contributions to the thermal conductivity 
from internal degrees of freedom. The transport vi- 
rials were divided into three contributions according 
to 

B,, =B,$*’ +Bi3) +B$“-D’ . (4) 

This treatment excludes contributions from internal 
modes. In eq. (4), the subscript p indicates the prop- 
erty being considered, both thermal conductivity and 
viscosity were discussed in refs. [ 2,3 1. (Extension of 
the theory to self-diffusion will be discussed very 
briefly below.) The superscripts indicate contribu- 
tions from collisions which occur in the fluid be- 
tween two molecular constituents (monomer), 
among three monomers, and between a single mon- 
omer and a (stable or metastable ) dimer. 

The terms B$‘) were evaluated from kinetic theory 
by using a truncation of the Bogoliubov-Bom- 
Green-Kirkwood-Yvon (BBGKY ) hierarchy with a 
Bogoliubov hypothesis [ 13 ] ; the approach includes 
both collisional transfer (nonlocality) and direct ki- 
netic contributions. This approach has extended the 
theory pioneered by Curtiss and co-workers [ 14- 17 I, 
and uses the dynamics of particles with realistic po- 
tentials (for example, Lennard-Jones), in contrast to 
approaches such as the modified Enskog theory 
(MET) [ 181 that are based on hard-sphere dynam- 
ics. The transport virial coefficients depend on colli- 
sion integrals that are similar to, but more complex 
than, the collision integrals in the Chapman-Enskog 
solution for dilute gas transport properties f 19 1. 

An essential innovation in the work of Rainwater 
and Friend [ 2,3] was the realization that the opera- 
tor formalism, which projects a collisional trajectory 
to a distant precollisional past of uncorrelated parti- 
cles, does not affect the subspace of phase space for 
which the two particles are (stably or metastably) 
bound. This led to a reevaluation of B$*) with mod- 
ified contributions from terms previously dependent 
upon the ordinary (pressure) virial coefficients 
I 1,20 1. The numerical results of this analysis, based 
on the Lennard-Jones 12-6 intem~ion potential, have 
been tabulated in ref. [ 3 1. 

The contribution from Bi3t is equivalent to that 
introduced by Hoffman and Curtiss [ 15 1. As in the 
Enskog theory for hard spheres [ 211, an approxi- 

mate dist~bution function is introduced into a colli- 
sion integral to account for the change in frequency 
of two-body collisions caused by the presence of a 
third molecule. Values for this quantity, which inci- 
dentally has the same value for both the thermal con- 
ductivity and viscosity, are also tabulated in ref. [ 3 ] ; 
there is substantial agreement between these values 
and the values reported in ref. [ 16 ] in the region of 
overlap. 

Finally the quantities Bj,“-D) were evaluated in a 
manner similar to an approach of Stogryn and 
Hirschfelder [ 22 1. Because the population of dimers 
is proportional to the density, the contribution of the 
monomer-dimer collisions to the first density cor- 
rection can be calculated from the dilute gas (Chap- 
man-Enskog) kinetic theory [ 191 of binary mix- 
tures. The only adjustable parameters of the theory 
occur in this part of the calculation. The Lennard- 
Jones 12-6 interparticle potential gives reasonable re- 
sults for many thermophysical properties of many 
systems; this interparticle potential has been well 
studied, and tabulated values of the two parameters, 
e/k and o, are readily available [23]. The reduced 
well depth is represented by c/k, where k is the Boltz- 
mann constant, and the interparticle separation cor- 
responding to zero potential is given by CL However, 
the intermolecular potential between the dimer (as- 
sociated with the Lennard-Jones potential) and the 
monomer, and especially an adequate effective 
spherical represen~tion of it, is not well known. We 
have chosen to retain the Lennard-Jones 12-6 poten- 
tial for this interaction and have estimated an effec- 
tive well depth and distance parameter by optimizing 
the fit of transport property data to the theory. The 
VdUeS c&c = 1.15 and o&.&o= 1.02 were obtained 
in ref. [ 2 1, using both viscosity and thermal conduc- 
tivity data, and were used in ref. [ 31, where the re- 
sults were tabulated; these values may not represent 
the best approximation of the potential on physical 
grounds [ 43, but have been retained here. 

In this work, we introduce a correction to the the- 
ory which accounts for the contributions of internal 
degrees of freedom present in the thermal conductiv- 
ity of polyatomic molecules. As in typical treatments 
of the dilute gas [ 19,231, we separate the contribu- 
tions according to 

I=I’+L” , (5) 
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where singly primed quantities represent collisions 
con~butions, as previously discussed, and doubly 
primed quantites represent contributions from the 
intramolecular modes. We have assumed that the 
density expansions of each of these contributions can 
be considered separately, and we proceed in a man- 
ner similar to that used in refs. [ 18,241. 

The contribution of the internal degrees of free- 
dom to the dilute gas thermal conductivity is typi- 
cally modelled as a diffusive process according to 

[25] 

~~=~~~~~/rn+~~~~~~/rn, (6) 

where Cy is the isochoric heat capacity per molecule, 
m is the molecular mass, M is the molar mass, and Do 
is the dilute gas value of the self-diffusion coefficient 
(which is inversely proportional to density). The first 
term is the kinetic contribution &,, and the kinetic 
portion of the heat capacity, C’,+ is approximated as 
$k; thus 

A& &&k/m . (71 

The second term is the contribution from internal 
modes and depends on the selfdffusion coefficient 
as well as the internal contribution to the isochoric 
heat capacity. We assume, as in refs. [ 18,241, that 
the lowest-order density dependence of the internal 
contribution, which is defined by 

R. ” =pMDe’;lm , (8) 

stems entirely from the leading density correction to 
the self-diffusion coeff&ient L). 

In principle, the density dependence of the diffu- 
sion constant could be evaluated directly from the ki- 
netic theory which we have presented. Bennett and 
Curtiss [ 171 attempted this sort of calculation; in that 
study, however, the operator formalism mentioned 
above was applied to the entire phase space, includ- 
ing regions where dimerization occurs, and the mon- 
omer-dimer collision contributions did not appear 
explicitly. Furthermore, agreement with viscosity and 
thermal conductivity data at low reduced tempera- 
ture was poor. Although the results of ref. [ 171 were 
used for the densitydependent diffusion with some 
success by Olmsted et al. [ 261, we believe that those 
results cannot be used with confidence. 

We have not, thus far, extended our work in kinetic 
theory to analyze the modifications necessary to cal- 

culate the self-diffusion coeficient. There are special 
problems with the dimision calculation, including the 
need to consider (at least ) binary mixtures, the pres- 
ence of three types of dimers, and the possible impor- 
tance of higher-order Sonine corrections. In the ab- 
sence of such a theory, we have adopted the density 
expansion of the self-diffusion coefficient directly 
from the hard-sphere Enskog theory [ 19,211. This 
approach differs slightly from refs. [ 18,241 which 
used modifications of the Enskog theory. Using the 
known third (pressure) virial coefficient for hard 
spheres, we can write 

D--Z&( l-0.62@*+...) , (9) 

where p* =21cN*a~p/3, so that b;’ = -0.625. We re- 
tain the Lennard-Jones distance parameter c rather 
than introducing a separate hard-sphere diameter 
when reducing the densities in eq. (9) and elsewhere; 
in ref. [ 241, the use of a corresponding states dis- 
tance parameter in the analogous equations was de- 
noted MET-II. 

From the expression 

A=&,(l+b;p*-t...)+A;;(l+bjtp*...), 

we can now write 

(10) 

b;=bA(A,/;Z~)+0.625(I,/l~-1). (11) 

In eq. ( 11)) b; is related to the quantity BX of ref. 
[ 21 by a factor 3/2x, bn is the reduced experimental 
slope, A0 is the ex~~rnent~ dilute gas thermal con- 
ductivity, and A; is obtained from eq. (7). 

4. Comparisons between theory and experiment 

In fig. 2, we show a comparison between theoreti- 
cal values of 6; and values calculated from experi- 
mental data. In addition to the data for argon and 
nitrogen, as discussed above, we have plotted data 
from the comp~ation of Ross et al. [ 241. In all cases, 
values for the ~Mard-Jones parameters, cz and e/k, 
have been obtained from the tables of Reid et al. [ 23 1. 

The theoretical curve in fig. 2 has been obtained by 
correlating the tabulated values of the second ther- 
mal conductivity virial coefficients of Rainwater and 
Friend [ 31 using 

b;=(a,+azT*)/(a3+P). (12) 
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Fig. 2. Comparison between theory and experiment for second (kinetic) thermal conductivity virial coefficient b;. Line is from eq. ( 12) 
and experimental quantities have been derived from data in refs. [S-S] and compilation in ref. [ 241 as described in text and legend. 

The tabulation in ref. [ 31 was based on numerical 
inte~ations of generalized collision integrals for the 
Lennard-Jones interaction potential. In eq. ( I 2 ) , the 
reduced temperature T* is defined by T*= kT/e, and 
the fitted coetEcients were found to have values of 
a,=2.9749, ~~-0.1140, anda3= -0.04953. Theav- 
erage absolute deviation of the tit from the eleven 
points tabulated in ref. [ 3 ] which have reduced tem- 
perature between 0.8 and 30 was 0.2%; the maximum 
absolute deviation in b; for this temperature range is 
0.4%. 

We have also fitted the theoretical values for 4 from 
ref. [ 31 to a pol~omial in inverse tem~mture; the 
shape of this curve is much more diffkult to repre- 
sent in a simple algebraic expression. Because mo- 
mentum cannot be stored in internal degrees of free- 
dom, the tabulated second viscosity virial coefficients 
represent the entire (appropriately reduced) experi- 
mental quantity. For reduced tem~ratures between 
0.8 and 30 we can write 

with b, = - 0.09413, b,= 1.5709, b,=-0.2189, and 
b .,= - 1.3 174. For the eleven viscosity points, the av- 
erage absolute deviation of eq. ( 13) is 2%, and the 
maximum deviation is 5.5% for the very small value 
of bv (0.09) at T* I 30. Unlike the thermal conduc- 
tivity virial coefftcient, the viscosity virial coeffkient 
twice changes sign [ 31, and a correlation will inevit- 
ably show large percent deviations in the vicinity of 
the sign changes. 

We have discussed, in section 2, the method of ex- 
tracting EA and lo from the new experimental data 
for argon and nitrogen. For argon, &(T) can be re- 
duced using eq. (3), with the needed Lennard-Jones 
parameters for eq. (3) and the temperature reduc- 
tion from ref. [ 231, and used directly in fig. 2 for 
compa~son with the theoretical curve. The data for 
the diatomic nitrogen fluid have been adjusted ac- 
cording to eq. ( 1 I ) for use in fig. 2; values for A0 were 
taken directly from the ex~~mental isothermal data 
and A6 was computed fmm eq. (7) using the NIST 
MIPROPS correlation 1271 to evaluate qo. The con- 
tribution of internal modes to the total & amounts to 
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about 7W at the lowest temperature and 27% at the 
highest temperature. Thus, uncertainties of 10% in 
the first density correction of the self-diffusion coef- 
ficient, stemming from the use of the hard-sphere ap- 
proximation of eq. (9) rather than a more rigorous 
kinetic theory or an ad hoc modification of the En- 
skog theory [ 18,241, result in uncertainties of less 
than 4% in the total thermal conductivity virial coef- 
ficient; these correspond to uncertainties of less than 
5% in the value of b; computed from eq. ( 11) and 
used in the comparison of fig. 2. 

The complete set of thermal conductivity virial 
coefftcients tabulated in ref. [ 241, omitting only NzO 
for which the reference is unclear, is also included in 
fig. 2. For the monatomic species, the values directly 
from ref. [ 241 (with original data in refs. 
[ 24,28,29] ), with reduction using the Lennard-Jones 
parameters from ref. [ 23 1, were used in fig. 2. For 
the polyatomic fluids (with original data in refs. 
[ 24,29,30] ), we adjusted for internal degrees of free- 
dom as in eq. ( 11). Values for A0 and q. were ob- 
tained from the experimental papers if they were tab- 

ulated, or from correlations or tabulations in refs. 
[ 27,3 l-33 ] as appropriate. The agreement between 
theory and experiment as seen in fig. 2 is generally 
excellent for the noble gases. For the polyatomic gases, 
such as nitrogen, the larger deviations are probably 
due to our approximate treatment of internal degrees 
of freedom. 

As a final comparison between the theory of the 
second thermal conductivity virial coefficient and 
experimental data, we have included a deviation plot 
for the low density argon data as fig. 3. The dilute gas 
contribution lo has been taken as the experimental 
value from the intercept of the isotherms. The den 
sity dependence is from the expression of eq. ( 10) 
(with no=&, for argon) with the theoretical value of 
b; from eq. ( 12 ). The agreement is again seen to be 
excellent, except at the higher densities for isotherms 
with temperatures within about 20 K of the critical 
temperature. The single term in the density expan- 
sion gives good results up to about 3 mol Q - ’ except 
for isotherms in the range 133-158 K, around the 
critical temperature of 150.86 K of argon. 

-4 I I I , I 
0 0.6 1 1.6 D2e"*ity,2iL i.6 

* 

a, a.6 4 

L- 

Fig. 3. Deviation plot for argon thermal conductivity data at low densities. Base line represents eq. (2) through linear order in density 
with &, from experiment (fig. 1). 



26 CA. Nieto de Castro et al. / Thertnal conductivity of a moderately dense gas 

The strong temperature dependence of the thermal 
conductivity virial coefficient indicated in fig. 2, and 
the excellent agreement between theory and experi- 
ment shown in figs-2 and 3, is not as readily apparent 
when examining the isothermal slope, A, of eq. ( 1). 
Theory indicates that this quantity for argon should 
decrease by about 10% over the range from 103 to 
324 K of table 1. The data for argon indicate an un- 
certainty in this quantity of nearly lO%, and no sys- 
tematic temperature trend is discernible. 

The comparisons shown here give increased confi- 
dence in the utility of this theoretical approach for 
both prediction and correlation of transport proper- 
ties of gases at moderate densities. The simple corre- 
lations of eqs. ( 12) and ( 13) should serve well in 
these capacities. The simple, though ad hoc, exten- 
sion of the theory to polyatomic gases is seen to he 
adequate to describe the existing experimental data. 
The nature of the temperature dependence of the sec- 
ond thermal conductivity virial coefficient now seems 
firmly established. 
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