Adv. Nonlinear Anal. 2020; 9: 250-277 DE GRUYTER

Research Article

Fernando Miranda, José Francisco Rodrigues* and Lisa Santos

Evolutionary quasi-variational and variational
inequalities with constraints on the
derivatives

https://doi.org/10.1515/anona-2018-0113
Received May 15, 2018; revised July 17, 2018; accepted September 2, 2018

Abstract: This paper considers a general framework for the study of the existence of quasi-variational and
variational solutions to a class of nonlinear evolution systems in convex sets of Banach spaces describing
constraints on a linear combination of partial derivatives of the solutions. The quasi-linear operators are of
monotone type, but are not required to be coercive for the existence of weak solutions, which is obtained by
a double penalization/regularization for the approximation of the solutions. In the case of time-dependent
convex sets that are independent of the solution, we show also the uniqueness and the continuous depen-
dence of the strong solutions of the variational inequalities, extending previous results to a more general
framework.
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1 Introduction

While variational inequalities where introduced in 1964, by Fichera and Stampacchia in the framework of
minimization problems with obstacle constraints, the first evolutionary variational inequality was solved in
the seminal paper of Lions and Stampacchia [24], which was followed by many other works, including the
extension to pseudo-monotone operators by Brézis in 1968 [7] (see also [23, 33]). Quasi-variational inequali-
ties were introduced later by Bensoussan and Lions in 1973 to describe impulse control problems [5] and were
developed for several other mathematical models with free boundaries (see, for instance, [3, 25]), mainly as
implicit unilateral problems of obstacle type, in which the constraints depend on the solution.

The first physical models with gradient constraints formulated with quasi-variational inequalities of evo-
lution type were proposed by Prighozhin, in [29] and [28], respectively for the sandpile growth and for the
magnetization of type-1I superconductors. This last model has motivated a first existence result for stationary
problems in [21], including other applications in elastoplasticity and in electrostatics, and, in [31], in the
parabolic framework for the p-Laplacian with an implicit gradient constraint, which was later extended to
quasi-variational solutions for first-order quasilinear equations in [32], always in the scalar cases.

Fernando Miranda, Lisa Santos, CMAT — Departamento de Matematica, Escola de Ciéncias, Universidade do Minho, Campus de
Gualtar, 4710-057 Braga, Portugal, e-mail: fmiranda@math.uminho.pt, lisa@math.uminho.pt.
https://orcid.org/0000-0002-7624-4816, https://orcid.org/0000-0003-0286-1616

*Corresponding author: José Francisco Rodrigues, CMAFclO — Departamento de Matematica, Faculdade de

Ciéncias, Universidade de Lisboa, P-1749-016 Lisboa, Portugal, e-mail: jfrodrigues@ciencias.ulisboa.pt.
https://orcid.org/0000-0001-8438-0749

@ Open Access. © 2019 Walter de Gruyter GmbH, Berlin/Boston.
This work is licensed under the Creative Commons Attribution 4.0 Public License.



DE GRUYTER F. Miranda, J. F. Rodrigues and L. Santos, Evolutionary QVI and VI with derivative constraints == 251

In this work, we consider weak solutions u = u(x, t) to a class of quasi-variational inequalities associated
with evolution equations or systems of the type

o+ L a(Lu) + b(u) = f (1.1)
formally in the unsaturated region of the scalar constraint
|Lu| < G[u],

i.e. in the domain {(x, t) : |Lu(x, t)| < G[u](x, t)}, with a nonlocal positive and compact operator G, where
o:u denotes the partial time derivative, L is a linear partial differential operator in x with bounded coeffi-
cients and L* is its formal dual. Here the monotone vector fields a and b are of power-type growth, and the
boundary value problems may be coercive or not. However, in the region {(x, t) : |Lu(x, t)| = G[u](x, t)} equa-
tion (1.1), in general, does not hold unless an extra term is added, raising interesting open questions. The
general form of L covers, in particular, the gradient, the Laplacian and higher-order operators, the curl, the
symmetric part of the Jacobian or classes of smooth vector fields such as those of Hérmander type. Weak
quasi-variational solutions, which in general are non-unique and do not have the time derivative in the dual
space of the solution, are obtained by the passages to the limit of two vanishing parameters, one for an appro-
priate approximation/penalization of the constraint on Lu and a second one for a coercive regularization, as
in [32]. This method allows the application of the Schauder fixed point theorem to a general regularized two
parameters variational equation of type (1.1) and extends considerably the work [2].

When the constraint G, which may depend on time and space, is independent of the solution, i.e.
G = g(x, t), the problem becomes a variational one with the solution belonging to a time dependent convex
set of a suitable Banach space. In this case, if the vector fields a and b are monotone, there holds uniqueness
of the weak solution. Under additional assumptions on the data, we show the existence, uniqueness and
continuous dependence of the stronger solution of the corresponding evolution variational inequality, when
the time derivative is actually an L? function. Here our method is adapted to gradient-type constraints and
it develops and extends the pioneer work of [34], which was continued in [35], extended to a p-curl system
in [27] and to thick flows by [30] (see also [26]). Although variational inequalities with time dependent con-
vex sets have been studied in several works (see, for instance, [17, 20] and the references therein), for the
case of a convex with gradient constraint only a few results have been stated, namely in [6], as an application
of abstract theorems, which assumptions are difficult to verify and, in general, require stronger hypotheses.

Recently, other approaches to evolutionary quasi-variational problems with gradient constraint have
been developed by Kenmochi and co-workers in [11, 16, 18, 19], using variational evolution inclusions in
Hilbert spaces with subdifferentials with a nonlocal dependence on parameters, and by Hintermiiller and
Rautenberg in [13], using the pseudo-monotonicity and the Cy-semigroup approach of Brézis-Lions, and
in [14], using contractive iteration arguments that yield uniqueness results and numerical approximation
schemes in interesting but special situations. Although the elegant and abstract approach of [13] yields the
existence of weak quasi-variational solutions under general stability conditions of Mosco type and a general
scheme for the numerical approximation of a solution, the required assumptions for the existence theory are
somehow more restrictive than ours, in particular in what concerns the required strong coercive condition.
Other recent results on evolutionary quasi-variational inequalities can be found in [20, 36], both in more
abstract frameworks and oriented to unilateral-type problems and, therefore, with limited interest to con-
straints on the derivatives of the solutions. Recently, in [15], a semidiscretization in time, with monotone
non-decreasing data, was used to obtain non-decreasing in time solutions to quasi-variational inequalities
with gradient constraints, including an interesting numerical scheme.

This paper is organized as follows: In Section 2, we state our framework and the main results on the
existence of weak quasi-variational solutions and on the well-posedness of the strong variational solutions.
In Section 3, we illustrate the nonlocal constraint operator G and the linear partial differential operator L with
several examples of applications. Section 4 deals with the approximated problem and a priori estimates. The
proof of the existence of the weak quasi-variational solutions is given in Section 5 and, finally, in Section 6
we show the uniqueness and the continuous dependence on the data in the variational inequality case.
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2 Assumptions and main results

Let Q be a bounded open subset of R? with a Lipschitz boundary, d > 2 and for t € (0, T] denote Q; = Q x (0, t).
For a real vector function u = u(x, t) = (uy, ..., unm), (x,t) € Qr, and a multi-index a = (a1, ..., ag), with
a1,...,0q9 € Ngand a; +--- + ag = |a], we denote

a'“'ui

a"‘u,- = —
ap ag?
oxy' -+ 0xy

the partial derivatives of u;. Given real numbers a, b, we set a v b = max{a, b} and a A b = min{a, b}.
We introduce now several assumptions which will be important to set the functional framework of our
problem.

Assumption 2.1. For p € [1, co], let L be a linear differential operator of order s > 1, given by
L:V, - LP(Q) suchthat V,={ueL’(Q)™: Luc LF(Q)"}
is endowed with the graph norm, £, m € IN.

In general, the operator L can have the form

mo
(Lu)j = z ZA;’ka“uk,

|lal<s k=1

wherej=1,...,¢, a=(a1,...,0aq) € ]Ng is a multi-index and each )l{x,k is in L*°(Q), but we shall consider

mainly the following four illustrative examples with constant coefficients, although we can consider also their

generalizations with variable coefficients as in the fifth example:

(i) Lu=Vu(gradientofu,m=1, ¢ = d).

(ii) Lu = Au (Laplacian of u, m = € = 1).

(iii) Lu=V xu (curlofu,d =m =€ = 3).

(iv) Lu = Du = %(Vu + vuT) (symmetric part of the Jacobian of u, d = m, £ = m?2).

(v) Lu = (X1u,...,Xeu), where X; = Z?:l “iia%’ where aj; are appropriate scalar real functions (subelliptic
gradientofu,m=1,1<j<¢,1<i<d).

Assumption 2.2. Leta : Qr x R® - Rfand b : Qr x R™ — R™ be Carathéodory functions, i.e. they are mea-
surable functions in the variables (x, t) for all & € Rf and n € R™, respectively, and they are continuous in
the variables & € Rf and n € R™fora.e. (x, t) € Qr. Suppose, additionally, that a and b satisfy the following
structural conditions: for all &, &’ € R¢ and n,n' e R™and a.e. (x, t) € Qr,

la(x, t, &)| < a* &P, (2.1)
(a(x, t,§) —ax, t,§)) - (E-§) =0,

Ib(x, t,m)| < b*|n| PV,

(b(x, t,m) - b(x,t,n"))-(n-n') 20,

where a* and b* are positive constants and 1 < p < co.

Assumption 2.3. For a given p € (1, c0), we work with a closed subspace X,, of V,, such that X, ¢ L2(Q)™
and [[vllx, := [LV|»(q) is @ norm in X, equivalent to the norm induced from V.

Remark 2.4. For simplicity, in this work we consider a functional framework where we suppose the Poincaré
and Sobolev-type inequalities to be valid, as in the Dirichlet problems of the five examples. However,
our approach is still valid for more general frameworks to include Neumann and mixed-type boundary
conditions.

Assumption 2.5. There exists a Hilbert subspace H of L?(Q)™ such that (X,, H, X;,) is a Gelfand triple and
the inclusion of X, into H is compact for the given p, 1 < p < co.
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From now on, we set
Vp = LP(0, I;Xp), = LP(0,T;H), 1<p<oo,

and we observe that L?' (0, T; X)) = 7, with p = 1% for1 < p < oo.
By well-known embedding theorems on Sobolev—Bochner spaces (see, for instance, [33, Chapter 7]),
we have

Yy ={vetp:owe,} (0, T H) (2.2)

and Assumption 2.5 implies, by the Aubin-Lions lemma, that the embedding %}, — % is also compact for
1<p<oo.

Assumption 2.6. We consider a nonlinear continuous functional G : # — L'(Qr) such that its restriction
to ¥y is compact with values in €([0, T]; L°(Q)), i.e. G : ¥, — ([0, T]; L*°(Q)) is compact. In addition, we
assume

0<g.<Glulx,t)<g* forallue¥,, forallt € [0, T]anda.e. x € Q,

for given constants g, and g*.

Since G is compact in ¥}, in particular for any sequence {v,}, weakly convergent to v in ¥,, there exists
a subsequence, still denoted by {v,}, such that {G[v,]}, converges uniformly to G[v] in € ([0, T]; L*°(Q)).
Forv e ¥, and a.e. t € (0, T), we define the nonempty convex set for G[v](t) € L*(Q):

Koo = {w € X, : [ILw| < G[v](1)}, (2.3)

where | - | is the Euclidean norm in Rf and we denote w ¢ Kgpv if and only if w(t) € Kgyy) fora.e. t € (0, T).
For 1 < p < 0o, we denote the duality pairing between X}, and X, by (-, - ), and we consider the quasi-
variational inequality associated with (1.1) and (2.3). Find u € ¥, satisfying

u € Kguy,

¢ 1

J<atv, Vvou, + I a(Lu) - L(v—u) + J bu)- (v-u) > Jf- v-w- j|v(0) “uol?, (2.4)
0 Qr Qr Qr Q

forall v € %}, such that v € Kgy.

Theorem 2.7. Suppose that Assumptions 2.1-2.6 are satisfied, f € L>(Qr)™ and uo € Kgy,]. Then the quasi-
variational inequality (2.4) has a weak solution u € ¥, N L*(0, T; LZ2(Q)™).

We note that by Assumption 2.6 the solutions have bounded Lu but, in general, this may not imply that u
is itself bounded. We also observe that, by insufficient regularity in time, we could not guarantee that the
weak solution u satisfies the initial condition in the classical sense, but only in the generalized sense (2.4) as
in[7, 23].

We consider a positive bounded function g : Q7 — R* and the special case of the convex set (2.3) with

G[v]l(x,t) = g(x,t) fora.e.te (0, T).

So,

veK, ifandonlyif v(t) e Kgp ={veXP:|Lv|<g(t)}forae. te(0,T). (2.5)
In this case, the convex set being independent of the solution, the problem becomes variational and the weak
solution of Theorem 2.7 is unique by the following theorem.

Theorem 2.8. The variational inequality (2.4) with a fixed convex Ky, as in (2.5), for a given strictly positive
functiong = g(x, t) € €([0, T]; L°(Q)), ug € Kgoy andf € L%(Q1)™, has at most one solution provided Xy cH
and one of the monotonicity conditions is strict, i.e.

(b(x,t,n) —~b(x,t,n")-(n-n') >0 forn+n,



254 —— F. Miranda,).F. Rodrigues and L. Santos, Evolutionary QVI and VI with derivative constraints DE GRUYTER

or
(@t t,§) -ax, t,§))-(§-§)>0 for§+§',
and Assumption 2.3 holds.

We can now introduce the strong formulation of the corresponding variational inequality. Find
we % nHY(0, T; L*(Q)™)
satisfying, for all t € (0, T},
weKg, w(0)=wo,

jatw-(v—w)+ J alLlw)-Liv-w) + jb(w)~(v—w) > J.f‘(v—w), (2.6)
Q¢ Q¢ Q¢ Q¢
forallv e Kg N .

We observe that if w is a strong solution to (2.6), it is also a weak solution to (2.4). Indeed, if we take
ve#nKg <40, T;L2(Q)™) in (2.6) with ¢ = T, since

T

1 1 1
j<atw— o, v-w)p = 5 j|v(0) ~wol? - 3 jwm ~w(DP < 5 j|v(0) “wol?,
0 Q Q Q

we immediately conclude that w also satisfies (2.4).
We consider also a stronger non-coercive framework with a potential vector field a and a lower-order
term b with linear growth, by replacing Assumption 2.2 by the following.

Assumption 2.9. Leta : Q7 x R® —» Rfand b : Qr x R™ — R™ be Carathéodory functions, i.e. they are mea-
surable functions in the variables (x, t) for all £ € R¢ and n € R™, respectively, and they are continuous in
the variables & ¢ Rf and n € R™, respectively, for a.e. (x, t) € Q7. Suppose, additionally, that there exists
A : Qr x R — R such that, for all & € R¢ and a.e. (x, t) € Qr, the function A is differentiable in ¢ and in &,
and
A =A(x,t, &) is convex in &, ViA =a, (2.7)
0<A(x, t, 8 <a’l§P, [0¢A(x, t, &) < A1 + Az |§1P, (2.8)

and b satisfies the following structural conditions: for all p, ' € R™ and a.e. (x, t) € Qr,
(b(X, ts n) - b(X’ t’ ’l’)) : ('1 - ’l’) = O’
Ib(x, t,m)| < b*|nl, (2.9)
where a*, A1, A, and b* are positive constants, 1 < p < co.

In the non-coercive case, we have the well-posedness result on the existence, uniqueness and continuous
dependence of the (strong) variational solution (2.6). Under the additional strong monotonicity assumption,
for instance for operators of p-Laplacian type, when a(&) = |£|P~2¢, the continuous dependence result in the
coercive case also holds in the space 7.

Theorem 2.10. Suppose that Assumptions 2.1, 2.3, 2.5 and 2.9 are satisfied and
feLl*Qp)™, wo € Kgo), g e Wh®(0, T; L®(Q)) withg>g, >O0. (2.10)
Then the variational inequality (2.6) has a unique solution w € Yp N HY (0, T; L2(Q)™).

Theorem 2.11. Suppose that the assumptions of Theorem 2.10 hold and fori = 1, 2 let w; be the solution to the
variational inequality (2.6) with data f;, wi,, gi satisfying (2.10). Then there exists a positive constant C = C(T)
such that

W1 =Wl o 1r2aymy < CUFL = Fallfag,m + 1Wi5 = Waoll72 gy + 181 = 821110, TiLo()))- (2.11)



DE GRUYTER F. Miranda, J. F. Rodrigues and L. Santos, Evolutionary QVI and VI with derivative constraints =——— 255

If, in addition, a satisfies

a.l§-§'P ifp =2,

, , (2.12)
a. (1§l +1§'DP218 - &' ifp <2,

(a(X, t’ {) - a(X’ t’ {7)) : (5_%”) = {

where a, is a positive constant depending on p, 1 < p < oo, then there exists C. = C(a., p, T) > 0 such that

2v,
W1 = Walfeo 12y + W1 = Wl
< Culf 1 = F2lZ2gpm + 1W1, = WaglIFa oo + 181 = 8201110, TiLo(0))- (2.13)

Remark 2.12. For strong solutions w € Kg N HY(0, T; L>(Q)™), the variational inequality (2.6) is, for a.e.
t € (0, T), equivalent to

j dW(t) - (z - W(b) + j a(t, Lw(t) - L(z - w(b) + j b(t, w(t)) - (z - (b))
Q Q Q

> Jf(t) “(z-w(t) forallz € Kg, (2.14)
Q

provided we assume g € ([0, T]; L°°(Q)), g = g. > 0. Indeed, for arbitrary § > 0,0 < § < t < T - §, for fixed
t € (0, T), weset

es= sup [g(t) - g(T)lL=(q)
t-6<T<t+6

and we may define

o2 10 it ¢ (t-6,t+6),
Sz ifte(t-6,t+0),

8«tEs

which is such that v € ¥, N Kg whenever 2 € Kq(;). Hence we can choose this v as test function in (2.6) with
t = T, divide by 26 and let § — 0 obtaining, by Lebesgue’s theorem, inequality (2.14) for a.e. t € (0, T).

As a Corollary of Theorems 2.8 and 2.10, we can drop the differentiability in time of g and still obtain an exis-
tence and uniqueness result for the weak variational inequality (2.4) with Kg, extending [18, Theorem 3.8].

Theorem 2.13. Suppose that Assumptions 2.1, 2.3, 2.5 and 2.9 are satisfied and
feL*Qp)™, ge€%(0, T;L®(Q)) withg >g. >0, wo € Kgo).

Then the variational inequality (2.4) for Kq has a unique weak solution w € ¥, n ¢([0, T]; L2(Q)™).

3 Applications with particular G and L

In this section, we present some examples of compact nonlocal operators G satisfying Assumption 2.6, and
linear operators L satisfying Assumption 2.1.

3.1 Nonlocal compact operators

Here we are interested in two examples of compact operators G given in the form
Glvl =g(x, £, {(v)(x, t)) ae.inQr, (3.1)

where g =g(x,t,{): Qr x R™ — R is a positive function, continuous in (x, t) € Qr and in { € R™, and
§: Y — %(Qr)™ is a completely continuous mapping.
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3.1.1 Regularization by integration in time

We define the compact operator by

t
Cv)(x, t) = Iv(x, s)K(t,s)ds fora.e.(x,t) € Qr,
0

where K = K(t, s) is a given kernel satisfying
K, 0¢K € L*((0, T) x (0, T)). (3.2)
For simplicity, we assume here the existence of a constant g.. and a real bounded function g* such that
0<g.<g8(x,t, & <g"(M) forae.(x,t)e Qrandforallé :|&| <M.
We also assume that the embedding
X, — €(Q)™ is compact, (3.3)

which, by the Rellich-Kondratchov theorem, is satisfied if X,, ¢ W*4(Q)™ with g > g.
Suppose ¥, = LP(0, T; X;), p > 1, and observe that, by assumption (3.2), not only {(v) € ¥, but also
0t§(v) € 7, ie.
{(v) e WHP(0, T; X,).

Hence, by [4, Lemma 2.2], for instance the image by ¢ of a bounded subset of ¥}, being bounded in
WLP(0, T; Xp), by (3.3) is relatively compact in £(Qr)™. So { : Yp — ¢(Qr)™ is a completely continuous
mapping, and therefore G defined in (3.1) satisfies Assumption 2.6.

3.1.2 Coupling with a nonlinear parabolic equation

We may define the compact operator through the unique solution of the Cauchy-Dirichlet problem for the
quasilinear parabolic scalar equation

o{-V-a(x,t, v = ¢, inQr, (3.4)
{=0 onoQx(0,7), {0)=¢ onQ, (3.5)

where ¢y = @(x, t) depends on v € ¥, and the vector field a satisfies (2.1) and (2.12) withp = 2 and ¢ = d.
It is well known that for each ¢ € L?(Qr) and {p € L?(Q), the weak solution

{ € L®(0, T; L*(Q)) n L*(0, T; HY(Q))

to (3.4), (3.5) and (2.6) depends continuously, in these spaces, on the variation of ¢ in the weak topology
of L2(Qr). Moreover, if {y € %y(ﬁ) is Holder continuous for some 0 < y < 1 and ¢ € L9(Qr) for g > %, the
following estimate holds (see [22, p. 419]):

ISl < CUISollgy @ + I@lLaan)

for some A, 0 < A <y < 1, where C > 0 is a constant independent of the data ¢.
Now, for each v € ¥, with p > % (p=2if d=1) and given P € L*°(Qr)" and n € L*®(Qr)¢, we may
choose ¢ = {(v) in (3.1) as being the solution of (3.4)—(3.5), with a given {, € ¢¥(Q) and

Qv=@o+P-v+n-LvelP(Qr) (3.6)

for some fixed ¢o € LP(Qr). Hence, by (3.6) and the Ascoli theorem, the mapping v — ¢, — {(v) is com-
pletely continuous from ¥, into ¢ (Q7). Indeed, if v, — vin p> {{(Vn)}n is bounded in

¢MQr) n L*(0, T; HA(Q))
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and, for some subsequence, {(v,,) — { weakly in L?(0, T; H(l)(Q)) and uniformly in Qr, fora
{ € L*(0, T; Hy(Q)) N €(Qr),

where we have { = {(v) by monotonicity and uniqueness of the solution of (3.4)-(3.5). Then the whole
sequence converges and the complete continuity of G = G[v], from ¥, into %(Qr), is guaranteed by the
assumptions.

We observe that, if X, ¢ WSP(Q)™,s =1, 2,...,in (3.4) we can also choose
Pv =@o + z P, - 0%,
0<lal<s

with ¥, € L*°(Qr)™, provided p > %, and even more general terms involving linear combinations of the
gradients of the ¥, - 0%v € LP(Q7), 0 < |a| < s, provided p > d + 2.

3.2 Linear differential operators

In this subsection, we illustrate some concrete results for the operators L referred to as examples in Section 1
for convex sets of the type (2.3). For simplicity, in all the examples we consider the vector fields

a§)=aléP%E, &eR’ a=akx,t)>0ae.inQr, b=0,

and we assume that the operator G satisfies Assumption 2.6.

3.2.1 A problem with gradient constraint

Corollary 3.1. Let Q be a bounded open subset of R4 witha Lipschitz boundary, let ¥, = L?(0, T; Wé’p(Q)) and
let p > max{1, dz—fz}. Let further f € L?(Qr) and uq € Kg[y,). Then the following quasi-variational inequality has
a weak solution:

u € Kgpy,

T

I<a,v, vouy,+ J alVulP-2Vu - V(v - u) > Jf(v “uy- % J|v(0) “wol?,
0 Qr Qr Q

forallv € %, such that v € Kg[y.

Actually, with Lu = Vu and V), = WLP(Q), Assumptions 2.1-2.6 are satisfied because the inclusion of
Xp = Wé’p(Q) into H = L?(Q) is compact for p > max{1, dz—fz}.

The degenerate case a = 0 corresponds to the variational model of sandpile growth where G models the
slope of the pile (see [29]). In [29], Prigozhin introduces an operator G which is discontinuous in the height u
of the sandpile and leads to a quasi-variational formulation that is still an open problem.

3.2.2 A problem with Laplacian constraint
Corollary 3.2. Let Q be a bounded open subset of R with a ¢*-' boundary, and let Yp = LP(0, T; Wé’p (Q)) with

p > max{l, ;—ﬂ}. Let f € L?(Qr) and ug € Kgyy,). Then the following quasi-variational inequality has a weak
solution:

u € Kepu,

T

J(atv, Vo up j Al AulP2AuA(Y — 1) > j fv—u) - % le(O) —uol?,
0 Qr Qr Q

forallv € %, such that v € Kgpy).
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Here we choose
Vp ={veLP(Q): Av € LP(Q)},

i.e. the operator L is the Laplacian. The subspace X, = Wé ?(Q) is endowed with the norm
Ivix, = lAullLr ),

which is equivalent to the usual norm of W2P(Q) because A is an isomorphism between X, and LP(Q).

Besides, (Xp, L3(Q), XI’[,) isa Gelfand triple and the inclusion X, L%(Q) is compact because p > max{1, ;—i}.

3.2.3 A problem with curl constraint

Corollary 3.3. Let Q be a bounded open subset of R> with a Lipschitz boundary, and let p > g and f € L%(Qy).
Define
X, ={veIP(Q)P :VxvelP(Q)>, V-v=0, v-npq =0}

or
Xy ={veIP(Q)’ :Vxvel?(Q)>, V.-v=0, vxnpq = 0}.

Ifup € Kgu,)> the following quasi-variational inequality has a weak solution:

u € Keu),

T

J(atv,v—u)p+ J alVx uP 2V xv-Vx(v-v)> Jf-(v—u)—%JIV(O)—uOIZ,
0 Qr Qr Q

forallv € %, such that v € Kgy).

Here Lv=Vxvand 7, ={ve LP(Q)3 : V x v € LP(Q)3}. In both choices of X, corresponding to different
boundary conditions, it is well known that X, is a closed subspace of WP(Q)3 and that the semi-norm
IV x - llL»(q)> is @ norm equivalent to the one induced in X, by the usual norm in W' (Q)? (for details see [1]).
Here X, is compactly embedded in H = {v € L?(Q)? : V- v = 0}.

This model is related to the Bean-type superconductivity variational inequality, which was solved in [27],
with prescribed critical threshold G. If we let here this threshold be, for instance, dependent on the temper-
ature { defined by (3.4) and (3.5) and we impose p > %, we obtain the existence of a weak solution to the
corresponding thermal and electromagnetic coupled problem.

3.2.4 Non-Newtonian thick fluids — a problem with a constraint on D

Set
1 T
Du = E(Vu+Vu ),

Vy={vel?(@?:Dve IP(Q)¥}, J={vez(Q)?:V-v=0},

_ WhP(Q)?

X, =7 forp>1,d=>2.

Let ¥ = LP(0, T; V},) and observe that X, is compactly embedded in

_ d
H={ve L2(Q)¢:v.v= 0} =]]L2(Q)

if p> dszz’ by the Sobolev and Korn inequalities. Hence, using the results of [26, 30] for the variational

inequality for incompressible thick fluids in the simpler case of the Stokes flow, we obtain the following
conclusion.
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Corollary 3.4. Let Q be a bounded open subset of R? with a Lipschitz boundary, and let d > 2, p > j—fz,

fel?(Qp)?andug € Kg[u,]- Then the quasi-variational inequality

u € Kguj,

T

J(dtv, V-u), + J a|DulP~2Du - D(v - u) > Jf- (v-u)- % le(O) —uol?,
0 Qr Qr Q

forallv € %, such that v € Kg[u

has a weak solution.

3.2.5 A problem with first-order vector fields constraint

Let Q c RY, d > 2, be a connected bounded open set and let L = (Xq, ..., X,) be a family of Lipschitz vector
fields on R4 that connect the space. We shall assume that the regularity of 0Q and the structure of L support
the following Sobolev—Poincaré compact embedding for p > 2:

X, — L*(Q). B.7)
This is the case of an Hérmander operator with
d
X,-:Zai,-axi, j=1,...,¢,
i=1
with aj; € £°°(Q) such that the Lie algebra generated by these ¢ vector fields has dimension d, when the
set X, is the closure of 2(Q) in

Vp={velP(Q): X;ve[P(Q),j=1,...,¢ withp>2,

with the graph norm and 0Q € . Indeed, in this case, it is known (see [9, 10, 12]) that the extension of the
Rellich—Kondratchov theorem,

Xp = .@(Q)V" — L?(Q) is compact forp > 2,

holds, and so (X, L2(Q), X;,) is a Gelfand triple with compact embeddings. For other classes of vector fields,
namely associated with degenerate subelliptic operators, and a characterization of domains where (3.7)
holds, see, for instance, [8, 12]. By the application of Theorem 2.7 we can now conclude the following exis-
tence result.

Corollary 3.5. Suppose that Q is a bounded open subset of R with a smooth boundary. Under assumption (3.7),
ifp>2,fel®Qr)and ug € Kqu,]> the quasi-variational inequality

u € Kgpy,

‘ ¢ 5t 1
J(atv,v—u)p+ J ay ( Yxw?) ” Xuxiov - w2 Jf(v—u)—EJIV(O)—uOIZ,
0 Qr J7t =t 0r 0

forallv € %, such that v € Kgu

has a weak solution.

4 The approximated problem

In order to establish the existence of a solution to the quasi-variational inequality (2.4), we start by proving
the existence of the solution to the problem of an approximated system of equations, defined for fixed ¢ € 7,
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6 €(0,1) and € € (0, 1). With this regularization and penalization of the quasi-variational inequality (2.4)
with convex sets Kgie(r), t € [0, T], we apply a fixed point argument. Consider the following increasing
continuous function k¢ : R — R§:
0 ifs <0,
ke(s)=qe: -1 if0o<s<l, (4.1)
e —1 ifs> i
Observe that the function k.5 = § + k. approximates the maximal monotone graph
_ 1) ifs <0,
ks(s) € 0}
[6,00[ ifs=0.
We start with an auxiliary lemma.

Lemma 4.1. Let y be a scalar real function defined in Qr. Then, for p € (1, c0), the operator
Te(x, t,8) = ke(1§] - Y(x, 0)I§IP2§ (4.2)
is monotone.

Proof. To simplify, we omit the argument (x, ) and we denote k.(|&| — 1) simply by k.(|&]). We may assume,
without loss of generality, that |&] > |& '|. Because S(¢) = |&|P~2& is monotone and k. is a nonnegative increas-
ing function, we have
(Te(§) - Te(§) - (§ - &) = (ke (1EDS(E) - ke(1E'DS(EN) - (§ - &)
= k(18" (S8 - S(&) - (§ - &) + (ke(18D) ~ ke (18" D)IEP28 - (§ - §")

> (ke(1§D) ~ ke(1"D)IEP1 (181 - 1§D = 0. m
Proposition 4.2. Suppose that Assumptions 2.1 to 2.5 are satisfied. By considering functions
fel?Qn™, @A, uoeKgg)o0), (4.3)

the problem that consists of finding u.s, ¢ such that

[ (Octtes,p(t), )y + j alt, Lz, p(0) - Lip + j b(t, e, (1) - P

Q Q
+ j(5 + ks(|Lu£6,tp(t)| - G[(P](t)))|Lu£6,ql(t)|p_2Lu£6,qJ(t) : LlI)
1 Q (4.4)
= Jf(t)-l]) forallyp e X, fora.e.t € (0,T),

Q
| Ues,p(0) = Up

has a unique solution u.s,¢ € ¥, With 0¢Ucs,¢p € “I/p’, ie Ues,p € % C €([0, T]; H).

Proof. The existence and uniqueness of the solution of problem (4.4) is a consequence of a general result
for parabolic quasilinear operators of monotone type (see, for instance, [33, Theorem 8.9, p. 224 or Theo-
rem 8.30, p. 243]). O

Proposition 4.3. Suppose that Assumptions 2.1-2.5 are satisfied. Under assumption (4.3), the solution ugs, ¢
of the problem (4.4) verifies the following a priori estimates:

lues, plleo, 132200 < C, (4.5)

C
ILues,pllzrn) < 5’ (4.6)

€
||atu85,¢p||(‘1/p)’ < W’

where C and C. are positive constants independent of ¢ and of §, and C is also independent of .
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Proof. Using w = ues, ¢ as a test function in (4.4), we get, fora.e. t € (0, T),

(0w(t), w(t))p + Ja(t, Lw(t)) - Lw(t) + I b(t, w(t)) - w(t) + J((? + ke(ILw(0)| - Gl](1)ILw(D)?
0 0 0

- | £0- weo.

Q

Set Q; = Q x (0, t). Integrating the last equality between 0 and ¢, recalling the monotonicity of a, b and of T,
defined in (4.2), and applying the Hélder and Young inequalities to the right-hand side of the above equation,
we obtain the inequality

[weor + 26 [1Lwl? < Wi, g0 + 11 g + [ 10l @.7)
Q Q: Q

By the Gronwall inequality we conclude that
”W”L"O(O,T;LZ(Q)) < eT(”f"iZ(QT)m + ||u0||%2(g)m)s
and so we proved (4.5). From (4.7) we immediately obtain (4.6).
Next we prove that, given 3 € X,
|| bw)- | < cmax{iwify o, . 1wl 1a2con Hipl, (4.8)
Qr

with C being a positive constant. We notice that, by Assumption 2.3, X, ¢ L?(Q)™. So there exists a positive
constant C such that, for all v € X, we have

VL2 @m < Clvx,-
We split the proof in two cases.

(i) 1 <p<2. Then

T T
U bw) - | < b* j j|w(t)| Pl < b* juw(t)uLz(mm 1Pl < Cb* TIWlzeogo, 72 0ym W, -
Qr 0Q 0
(i) p = 2. Then
T
[ bwy- | < b [ w11 < b [IwOR; oy 9l < B TH WL o I,
Qr Qr 0

From the first equation of (4.4) we conclude that

[(Oew(t), P)pl < Ci((a™ + 6+ e NLwIT,, Q)eIIL!IJIILp( ¢+ max{"W"Lp (@pyms WL, 722 @)m HIP lx,
+IFOll2 @ 1Plir2ym)-

Using again Assumption 2.3, we obtain
T
[ coweer, iy, at
0

< Co((@* + e VP ILWIL, . e+ Max{IWI g, ms IWIEec o 12 cm} + P2 g I,

concluding now easily that
{ C
oWl = j";up [CAVORME S O
0

llx, <1
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Proposition 4.4. Suppose that Assumptions 2.1-2.5 are verified. Assuming also (4.3), define the function
S — %, by S(@) = Ugs,p, Where Ugs ¢ 1S the unique solution of problem (4.4). Then S is continuous.

Proof. Letus consider a sequence {,}, converging to ¢ in /7. Setting w, = Ucs,p, and W = Ucs,¢p, We need
to prove that
wy 5 win7, and 0wy N owin ¥,

The argument is standard, but we present it here for the sake of completeness. Both functions w, and w
solve (4.4), so, for any ¥ € X,

(Oe(wn(t) - w(t), P)p + J(a(t, Lwy (1)) - a(t, Lw(t))) - Ly + J(b(t, wi(t)) - b(t, w(t))) - ¥

Q Q

+6 J(ILWn(t)I”_ZLWn(t) — [ILw(t)P~>Lw (1)) - Lip + J(kg(le,,(t)l - Gl J(t)ILwy(OP > Lwn(t)
0 0
- ke(ILw(t)| - Gl@](0))|ILw ()P~ Lw (1)) - L = O.

Replacing g by w,(t) - w(t) in the last expression and integrating it over (0, t), we get

% j|wn(t> WP+ j(a(Lwn) —a(Lw)) - Ly —w) + j(b(wn) —bW)) - (W~ W)

Q Q¢ Q¢
+6 J(|Lwn [P2Lw, - |Lw]P"2Lw) - L(w, - W)
Q
+ J(ks(lenl - Gl DILwnlP*Lwy, — ke(ILW| - G, )ILwP2Lw) - L(wy, — w)
Q;
= j(kg(lel - Gl@)) - ke(ILw| - G[,]))ILWIP > Lw - L(Wy, — W). (4.9)
Q¢

Using the monotonicity of a, b and the operator T, defined in (4.2), we can neglect the second, third and
fifth terms of the inequality above.

Inthecase p > 2, we obtain, applying the Hélder and Young inequalities and denoting by D, the constant
related to the strongly monotone term in & (see (2.12)),

3 [water - wier + 6, [ 1w, - wp
Q Q¢

< [ k11wl - Glep)) - ke 1Lwi - Glap, DLW 1w, ~ W)
Q¢

Cq

' 6
< st [ eeiLw - Gl - ke(lLwl - Glep, D ILwp + 2D, [ ILCw, - wyp,

Q¢ Q¢

and therefore we get

"Wn - W”%OO(O’T;LZ(Q)M) + 6Dp ”L(Wn - W)"ip(QT)f
2C '
= j|kg(|Lw| - Glg)) - ke(ILw| - G, ))[” ILw}P. (4.10)
Q¢

Consider now the case 1 < p < 2. From (4.9) we get again

% j|wn<t) WP+ 6 j(|Lwn P2Lwy, — [LwP-2Lw) - L(wy — Lw)
Q Q¢
< jlks(|Lw| ~ 1)) - ke(ILW] - Gle@, D|ILWI” L (W — W),
Q;
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and, using also the coercive condition on & (see (2.12)) and the Holder inverse inequality, we obtain

! [wn(t) - w(t)|* + 8Dy (| Lw |} +|Lwl} ),%2 IL(wy - W)l
2 n p niLrQr)® Lr(Qr)* n Lr(Qr)*
Q
< Jlka(lLW| - Gl@]) - ke(ILW| - G, D)|ILWP~ L (wy - W)
Q¢
Recalling, by (4.6),
cp
p p
"Lwn"LP(QT)" < ?’ "LW"L”(QT)e < ?
and applying the Holder and Young inequalities to the right-hand side, we obtain
2
"Wn - W"%‘X’(O,T;Lz(())”‘) + 6p CZ "L(Wn - W)"%p(QT)é’
1

< ——( | letiLwi - Gl) - kelLwal - Glop, D 1Lwr?)” +
2C25P

2 2
o

C251’
2

and so

2
C,67
1Wn = Wiieoio,r2m) + =5~ ILWn = Wl g

o

< ——( [ Iizwl - 61D - KellLwal - Gl D 1w )
2C251’ r

Observe now that we have

lke(ILw] - G@]) - ke(ILwy| - Gl DI ILwPP < (2¢3 ) |Lw|?

"L(Wn - W) "%p(QT)é’ ’

(4.11)

a.e.in Qr, and k; is a continuous function. By recalling that ¢, 5 @ in 27, Assumption 2.6 implies that

Gle,] = Glo)
in L1(Qr). Hence, at least for a subsequence,
Glp,] 5 Glep] ae.inQr
and, by the dominated convergence theorem,
ke(ILWx| - G, )) = ke(ILwl - Glg)) in L' (Qp).

Therefore, the right-hand sides of (4.10) and (4.11) converge to zero a.e. when n — co.
By definition,

( sup (Ae(wn(t) - w(t)), P))p)°

p!
loc(wn =W, =
v Ipllx, <1

IPllx, <1 3

+6 J(ILW(t)Ip"ZLW(t)—ILWn(t)IP_ZLWn(t)) Ly
0

N j ke(ILW(O)| - Gl@)(O)Lw(OP2Lw(t) - L

!

Q
p
- j Ke(LWa(0)] - Gl O) LW (OP 2Lwa () 1))
Q

- ( sup ( J(a(t, Lw(b)) - a(t, Lwn(1)) - Lip + J(b(t, w(t) - b(t, wa(?)) - P
Q
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But

p '
([ . ween - bee. waen)- )" < (I(bie wie - be, wa©) o 9 liz @)’
Q

< C(I(b(w) = b(Wn))lz (0, T5z2)m 1P lx, )p,-

Applying the Holder inequality, we conclude that

10w — Wl < C(( [ 1aww) - aww )" + 16 W) - bW lioco rawzam
Qr

-

+ 5( J||Lw,, P2Lw, - |Lw|P-2Lw|p')”
Qr

3=

+ ([ Iecizwl - GlaDILwP2Lw - Ke(lLwal - Gl DiLwnlP 2Lwaf” )
Qr

)

and, arguing as before, we conclude the proof. O

Theorem 4.5. Suppose that Assumptions 2.1-2.6 and (4.3) are verified. Let i be the inclusion of %, into # and
let S : s — %, be the function defined in Proposition 4.4. Then the function i - S has a fixed point in ¢ . This
fixed point solves the problem that consists of finding us € %, such that

[ (@eues(t), )y + j a(t, Lugs(t) - L + j b(t, ues() - P + 6 j|Lu£5(t>|P-2Luw~(t) L

Q Q Q
+ J ke(ILues(0)] — Glues(t)]) | Lues ()P "2 Lugs(t) - Lp
Q (4.12)
_ Jf(t)-t]) forall p € X,
Q
ue5(0) = uo.

Proof. We use the Schauder fixed point theorem. We already proved the continuity of S. By Assumption 2.5
and the Aubin-Lions lemma the embedding %}, < .5 is compact for 1 < p < co, and so i » S is completely
continuous as a map of . into itself. By Proposition 4.3, given ¢ € #, we have

lues,@ll, < 5P’

where C is a constant independent of ¢ and 6 (it may depend on €). Because i is continuous, there exists C;
such that |v|;¢ < C1|vll#,, and we get

ieS(g)lle < CCq.

Then the image of i - S is bounded, so we may apply the Schauder fixed point theorem, obtaining immediately
the conclusion of the existence of a ugs = i o S(Ugs) in %. O

5 Weak solutions of the quasi-variational inequality

In this section, we prove the existence of a solution of the quasi-variational inequality (2.4) by taking suitable
subsequences of solutions of (4.12) first as € — 0 and thenas § — 0.

Firstly we collect the a priori estimates for the solution us of problem (4.12) which are independent
of .
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Proposition 5.1. Suppose that Assumptions 2.1-2.6 are verified. Assume that f € L?(Qr)™ and uo € K{Gu,))-
Let u.s be a solution of the approximated problem (4.12). Then there exists a positive constant C independent
of € and 6 such that

lueslizeoco,rs2(Q)m) < C, (5.1)
luesll, < 51 (5.2)
la(Lues)lyy < <3757 (5.3)
Ib(ues)llyy < SUp (5.4)
lke(ILugs| — GluesDlLi g < C. (5.5)

Proof. The first two estimates are direct consequences of inequalities (4.5) and (4.6), respectively, taking

@ = Ugs.
Given ¥ ¢ ¥, we have

crt

* -1 * p-1 *
[ aue) L] < @ [ 1LucsP LWl < @ Wateolfs i, M Etblrcary < @" 55

Qr Qr

ILpl5,,

proving (5.3).
From (4.8) we have

-1
IbW)lly; < Cmax{'lwllfp(QT)m’ IWllLeo 0, 7322 (Q)m) }-
But Wl Le(0,T:12(0)m) is uniformly bounded by (5.1), and

p-1 p-1 CZ
"W”LP(QT)m < C1||LW"Lp(QT)m < RV

by (5.2).
Choosing u,s as test function in (4.12), and integrating between 0 and t, we get

% Jluss(t)lz v j a(Lus) - Lugs + j b(uss) - Ues + 6 j|Lu£5|P " j Ke(ILttes| — Glues])|Lutesl”
Q Q¢ Q¢ Q¢ Q¢
1 2
= Jf-u85+iJ'u0.
Q¢ Q

Therefore, because a and b are monotone, a(0) = 0, b(0) = 0 and by using the Gronwall inequality, we obtain

j ke(ILues| — Glues))|Lugsl? < C1, (5.6)
Q¢

where C1 is a constant independent of € and 6. As Glu.s] > g« > Oand k. = 0in {|Lu.s| < G[u,s]}, we obtain

Lugs|?
[ kel - Glush = [ kelluesl - Gluah = [ kelutesl - Glua) o
Qr {ILucs|>Glues} {ILucs|>Gluesl} "
Using (5.6), we obtain
ke(IL G <G
llke(|Lues| — GlugsDllriqp) < @’
concluding the proof of (5.5). O

Lemma 5.2. Let u.s be a solution of the approximated problem (4.12). If us is the weak limit of a subsequence
of {ugs}e when e — 0, then us € Keu,-
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Proof. To prove that us belongs to the convex set Kgu,], we use arguments as in [27], which we adapt to our
problem. We split Qt in three sets:

Ags ={(x,t) € Qr : |[Lugs(x, t)] - Glugs(x, t) < Ve},
1

Bes = {(X, t) € Qr : Ve < |Lugs(x, )] — Glues](x, t) < E}’ 5.7)

Ces = Ji(x, t) € Qr : |Lugs(x, t)| — Glugsl(x, t) = %}

We recall that, by Assumption 2.6, the operator G is compact. So, as a subsequence of {u.s}. (still denoted by
{ucs}e) converges weakly to us in ¥, we obtain that G[u,s] converges to G[us] strongly in ([0, T]; L°(Q))
and

J(ILual - Glus))* = j tim ((|Lttgs| - Glues]) A % v VE)

Qr Qr e=0
. 1
< lim [ ((Lutes] - Glues]) A 5 v VE)
8—»OQT
1
“tim ([ VE+ [ (Luesl - GluesD + | 2).
e—0 £
&6 Bsb‘ Csﬁ

We observe that

j Ve < velarl =% o,

A£6
\Bos| = J 1< J ke(|Lugs| — Glugs]) + 1 < C &0 0
el/NE el/VE
Bes Qr
Jl 1 J Ke(Luco| ~Glues) € =0
£ ¢ elle? 1 e(el/e — 1)
Ceﬁ QT
Besides,
1 -0
J (ILugs| - Glues]) < lLugs| — GlueslliLr(or)|Besl?” — O.
Beﬁ
So,

j(|Lua| ~ Glus))* =0,
Qr

which means that
|Lus| < Glus] a.e.in Qr. O

Lemma 5.3. Letv € ¥, = LP(0, T; X,)) be such that v € Kg[v), and let z € Kg[v)0). Then there exists a regular-
izing sequence {vy,}, and a sequence of scalar functions {g,}, with the following properties:

() vy e L*®(0, T; Xp) and 0sv, € L%(0, T; Xp).

(i) v, LR v strongly in ¥.

(iif) Timy f, (9¢Vi, Vi — V)p < 0. )

(iv) |Lvp| < gn, where g, € €([0, T]; L*(Q)) and g, — G[v] in €([0, T]; L*°(Q)).

Proof. Let v, be the unique solution of the ordinary differential equation v, + %a tVn = vwith v,(0) = z. The
function v, has the following expression:

¢
Va(x, t) = e™ J vix, T)ne"" dt + e ™M z(x)
0
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and it is well known that it satisfies (i), (ii) and (iii) (see [23, p. 274] or [33, p. 206]). Therefore, it follows

ILvn(x, )] < e | |[Lv(x, T)|ne™ dt + e " |Lz(x)]

O ey

t
<e™mt J Glv](x, T)ne™ dt + e ™G[v](x,0) fora.e. (x,t) € Qr.
0

Defining
t 0
gn(x, t) = e ™ J Glv](x, T)ne™ dt + e ™ G[v](x, 0) = J G[v] (x, % + 1.‘)es ds,
0 -0
where G[v](x, t) denotes the extension of G[v] € %([0, T]; L°(Q)) by G[v](x, 0) for t < 0, we have
0
800 0= G0, O] < [ [GIv)(x. S +£) - GIvI(x, e ds

and, by the uniform continuity of G[v](¢) in [0, T] with values in L*°(Q), we also have the uniform convergence
of g, N G[v]in €([0, T]; L*°(Q), concluding (iv). O

Proof of Theorem 2.7. The boundedness of {ugs}e in L>°(0, T; LZ(Q)™) N p implies that there exists a subse-
quence, still denoted by {u.s}., converging weakly-* to a function us when £ — 0, in L*°(0, T; L?(Q)™) n Y.
So, by Lemma 5.2, us € Kgu,;) and we may extract a subsequence of {us}s converging weakly-* to some u in
L*®(0, T; L*(Q)™) N ¥, when § — 0.

Observe that, for any measurable set w ¢ Qr,

5—»0(‘1 o o

j|Lu| < lim leu,sI < j}jin% Glus) < J Glul,
w

using Assumption 2.6. Consequently,
|Lu| < G[u] a.e.in Qr,
and so u € Kgiy).

Step 1: The limit when ¢ — 0. From estimates (5.3), (5.4) and (5.2) in Proposition 5.1 there exist x5 € ’Vp’,
Y5 € "//p’ and As € LP'(QT)e such that for subsequences,

a(Lugs) 20, Xs in7, weak,
b(ugs) 29, Y5 in 7, weak.
ILugsP2Lugs <=2 As in LP' (Qp)° weak. (5.8)

Define the operator As : 7, — 7, by

(Asv, W) = j(a(Lv) +8|Lv|™’Lv) - Lw + J b(v)-w.
Qr Qr

Given v belonging to the space %, defined in (2.2), we have

T T

1 1
j<atu85, Vo les)y = o j|uss(r) V(DR + 5 j|uo —vO) + j(atv, V- tes)p
0 0

2
Q Q
1 T
<3 j|uo V) + j<atv, V- tes)p.
Q 0

From now on, we denote k¢ (|Lu.s| — G[ugs]) simply by k., with no risk of confusion.
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Using u.s — v as test function in (4.12) and integrating between 0 and T, we obtain

T
1
(Agles, Ues) < 5 j|uo V) + j<atv, V- tes)p + (Asties, V)
Q 0
+ J kelLugslP 2 Lugs - L(V — ugs) — J f-(v—ug). (5.9)
Qr Qr
Hence, forallv € %,
1 T
(Agites, Ues —u) < 5 j|uo V) + j<atv, V- ttes)p + (Asttes, V- u)
Q 0
" j KelLugsP~2Lugs - L(V — tgs) - j Fov-tig). (5.10)
Qr Qr

Let u, be the regularizing sequence of u defined in the previous lemma. Using u, as test function
in (5.10), we get

T
(AslUes, Ugs — U) < J(atun: Uy — Ugs)p + (Aslles, Uy — U)
0

+ J k£|Lu£6|p_2Lus6 - L(uy — Ugs) - Jf - (Up — Ugs). (5.11)
Qr Qr
But

j KelLugslP 2 Lttgs - Lty — tgs) < j KelLttesl” (ILtty]| — |Lttes)

Qr Qr
- j KelLttes?~* (| Ltn] - Glutes]) + j KelLttesP~ (Glutes) — |Lutes])
Qr Qr
< j KelLutes P (Ltty] - Glues]). (5.12)
Qr

In fact, the term k¢|Lugs|P 1 (Glugs] — |Lugs|) is less than or equal to zero because when |Lugs| < Gugs], then
ke(ILues| - Glues]) = 0.
Then, recalling (5.5) and (5.6), we conclude that

j KelLugsl?~ (ILtty| - Glugs]) < j KelLuesl? (G — Glutgs])

Qr Qr
! 5
<( j k)’ ( j KelLatesl ) 160~ Gluteslli=ca)
Qr Qr
< ClIGn - GlugslliLe(qr)- (5.13)

Going back to (5.11) and using (5.12) and the estimate above, we get

T
(AslUes, Ugs — U) < J(atun; Uy — Ugs)p + (Asles, Un — U) + Cl|Gy — Glugs]lizoqr) — J [ (un — ues).
0 Qr

So, noticing that G[u.s] LA [us] in €([0, T]; L*°(Q)) and recalling (5.8), we obtain

T T T
En%utsuss, Ugs — U) < j(atun’ Uy — Us)p + J(xd +0As, L(uy — ) + J(Ys, u, - u)
0 0 0

+ ClGy - Glus)lzo(ay) — jf- (U — tp).
Qr
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Step 2: The limit when § — 0. Because there exists a positive constant C independent of € and § such that

Ixslly; < limfa(Lues)lyy < C,

=0

15l < limlb(ues)l g,n < C,
=0

1Asl g,y < lim|Lutes” > Lutesl g0 < C,

e—0
we obtain, for a subsequence,
5—-0 . 1}

Xs — X in7p,

5

Y5 22 Y invy,
5—0 . 1 ¢
§As — 0 in LP (Qr)°.

Since Glus] ﬂ Glu] in L*°(Q7), we obtain

T T T
};mr(l) 11m<flauga, Ugs —U) < J(atun’ Up —u)p + J(x, L(un, —u)) + J(Y, uy, —u)
—0 &

0 0 0

+ ClGn - Glulllz(gy) — jf (U -
Qr

Letting n — oo in the above inequality, using that jOthu,,, u, —u)p <0and Gy 5 Glu]in %([0, T]; L*°(Q)),
we conclude that

lim hm(Agugg, Ugss—u) <0.
6—0¢e—0

IfA: 7, — ¥, is defined by

(Av,w) = J a(Lv)-Lw + j bv)-w
Qr Qr
then
(AUgs, Ugs — U) = (AslUes, Ues —U) — 6 J |LuesP>Lugs - L(ugs — u)
Qr
yields

%III(I) hm(Augg, Ues —U) = 11m hm (Agugg, Uss —u) <O0.
—0&—

Step 3: Conclusion. Let as = mgﬂo(ﬂugg, Ugs —U). As limg_o as < O, given 1 > 0, there exists 6, > 0 such
that as, < %. But, because
lim(Autes, , Ues, — u) = s,

we can find &, = £(6,) > 0 for which (Aug,s, , Ue,s5, — U) < 1. So,
lim (Abte, s, Ueys, — 1) < 0.
From now on we set u, = u,s, and ky = ke, .

As the operator A is bounded, monotone and hemicontinuous, it is pseudo-monotone. Therefore, as
lim; o (Auy, uy — u) <0, we obtain

(Au,u -v) < lim (Auy, uy -v) forallv € Kgpy).
n—0

Finally, we conclude, going back to (5.9), that if v € Kgy, then

T
(Au,u-v) < h_nz)(% Jluo —v(0)]? + j(atv, V—Up)p+ J kﬂ|Lun|p_2L"n “L(v-uy) - Jf. (v- u,l)).
= 0 ar ar
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But, as v € Kgu), as in (5.12) and (5.13),

I kylLupP~2Luy - L(v - uy) < J knlLuy P (ILv] - |Luy|)

Qr Qr
< J K| Lty P~ (G laty] — [Luty ) + I K| Lty P~ (Glu] - Gluy))
Qr Qr

< ClGlu] - Gluyll« o, 111 (Q)) -

Then
lim J Iyl Luy P2 Luy - L(v - uy) < 0
n—0

Qr

because lim;_,o G[uy] = G[u] in €([0, T1; L*°(Q)). Hence,

T
1
(A u-v) < 5 [lug - v + [@v.v-w - [ f-0v-w),
Q 0 Qr
concluding the proof since we already know that u € Kg[y. O

Proof of Theorem 2.8. Let uy, u, € Kg be two solutions of (2.4) and denote by {wy}, and by {g,}, the regu-
larizing sequences of Lemma 5.3 of w = *.3*2 € K, and g, respectively, with 2 = u,. Considering

8
8« +En

n
_)1,

en = llgn - glwqo, ;L) and pp=

we have W, = p,wy, € Ky N %, and it may be chosen as test function in (2.4) for u; and u,. We obtain, by
addition,

T
2 j(atwn, W= W) + (Ally, Uy — W) + (Alz, Uy — W) < 2 jf (W= W) + (o — 1)2 J|u0|2- (5.14)
0 Or Q

Observing that
(0¢Wy, Wy — W)p = Pn{0tWn, Wy — W)p + pn(0n — 1){0Wy, Wn)p

and integrating in time, since w,, € W?(0, T; Xp) ¢ ¢(0, T; L>(Q)™), we have
T T )
[ W W)y = pu [ cwi, Wi = W)y + 3pu(1 = pu) (Mol gy = IWa( D)
0 0

1 n
< Epn(l _Pn)”uO”iz(Q)m — 0.

Therefore, taking the limit in (5.14), since wy, N , we obtain

u;+up
2

j(a(Lul) ~a(luy)) - (Luy - Luy) + j(b(ul) ~b(uy)) - (1 - u2) = (Aug — Auz, uy - u3) <0,
Qr Qr

and the conclusion u; = u, follows by the strict monotonicity of b or a with Assumption 2.2. O

6 Solution of the variational inequality

We study now the variational inequality case as well as the continuous dependence of its solution on the given
data. We obtain different stability results whether we consider the case where the operator a is monotone or
strongly monotone.
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Proof of Theorem 2.10. We penalize the variational inequality using the function k. defined in (4.1), as we
have done in Section 4. For € € (0, 1) and 6 > 0, let us consider the problem of finding

Wes € % N HY(0, T; L*(Q))

such that )
j dWes(t) - + j a(t, Lwes(t) - Lip + j b(t, wes(t)) - Lip
Q Q Q
+ J(5 + ke(ILwes(OIP — g(6)P))|ILwes(t)P>Lwes(t) - L
< ! (6.1
_ If(t) P forall e X, forae.tc (0,T),
Q

L We5(0) = wo.

The proof of the existence of a solution for this problem is similar to the proof of Proposition 4.2 and can be
done with the Galerkin method (see, for instance, [33, p. 240]). We observe that we consider here the function
ke(|[LweslP — gP) instead of ke (ILwes| — G[Wes]).

As in estimates (4.5), (4.6) and (5.5), we obtain, with a constant C > 0 independent of € and 6,

Wesllzeo (o, 1312(0ym) < C, (6.2)
ILwesllr e < SR (6.3)
lke(ILweslP — gP)lriqp) < C. (6.4)

Using Galerkin’s approximation, we can argue formally with o,w.s as a test function on (6.1) and we get

jwtwga(tnz N j alt, Lwes(t)) - O Lwes(t) + J b(t, Wes(0)) - OeWes(8)

Q Q Q
¥ j(s + ke(ILwesl? — g(OP)) Lwes(6)P-2Lwes(t) - O Lwes(t)
Q
- jf(t) O Wes (D). 6.5)
Q

Set ¢¢(s) = [, ke(t) dr and observe that
ke(ILwes(D)P = P ()| Lwes ()P > Lwes(t) - 0 Lwes(t)
= %ks(lega(t)lp - g7 (1)0:(1Lwes(D)P - P (1)) + ke(ILwes(t)1P — gP(£))gP ™1 (£)dcg(t)
= %at(¢£(|st6(t)|p - g7 () + ke(ILwes()|P — gP(1))gP 71 () 0,5 (t).
Integrating (6.5) between 0 and T, we obtain

1) )
j l0cWesl? + jA(T, Lwes(T)) - jA(o, Lwo) - j(atAXLwas) .2 IILWss(T)Ip - j|LwO|P

Qr Q Q Qr Q Q
1 1
# [ pelliwesDP - (D) - [ felLwol - 7)) + | KellLwesl? - 818" org
Q Q Qr
= J(f —b(Wep)) - 0tWes (6.6)
Qr

since A satisfies (2.7). But

Pe(Lwes (TP - gP(T)) 2 0, $e(ILwol” - gP(0)) =0  because |Lwo| < g(0),
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and, using assumption (2.9), the H6élder and Young inequalities,

* " 1
[ = Bwes - owes < [ 11+ b wesDIowesl < CUUF I gyym + b IWeslEa ) + 5 10WeslE: g,
Qr Qr
and (2.8), from (6.6) we have

1 *
S10eWeslEs yn < CUFIE s gy + b” IWeslEs g ym) + 20" ILWoI, e + A11Q11+ A2l LWwesl]y g,

6 -1
+ EllLWoHip(Q)e + ke (|LweslP — gp)"Ll(Qr)"g"ILJp(QT)||atg||L°°(QT)-

From (6.2)-(6.4) we obtain, with a constant C' > 0 independent of € and §,
l0:Wesliz2gpm < C'(1 + IILWsallfp(QT)g)- (6.7)
Then, recalling that Assumption 2.5 implies, by the Aubin-Lions lemma, the compactness of %, — .7,
there exists a subsequence that we still denote by {w,s}. such that, for every t € (0, T,
wes b ws  inL2(Qn)",
Lwgs 0 Lws in LP(Qr)¢ weak,
O Wes 20, ows in L?(Qr)™ weak.

Recalling Lemma 4.1 and observing that k.(|[Lv|? — g”) = 0if v € Kg, we have, forany ¢ € (0, T],

[ ecwesl? - &) iLwesl? 2 Lwes - L(v - weg)
Q
= J(ks(|LW£§|p - gp)|LWs{i|p_2LW£5 — ke(ILVIP - gp)ILVIP‘sz) -L(Vv—Wgs)
Q
+ J ke(ILv|P — gP)|LvIP~2Lv-L(v - wes) <0 forallv e Kg. (6.8)
Q

Using v — w,s as test function in (6.1) and integrating over (0, t), by (6.8) and by the monotonicity of the
operators a, b and & +— |L&|P~2LE, we obtain

[ owes - v-wep)+ [ a@w)- Ly wes) + [ bw)- (v-wes) +6 [ILVIP 2Ly L= wee) > [ £ (v - we).
Q¢ Q¢ Q¢ Q¢ Q¢
Passing to the limit when ¢ tends to zero, we get

J diWs - (V- Wg) + j a(Lv) - L(v - wg) + j b(v)-(v-ws)+6 j|Lv|P-2Lv LV — wg)
Q¢ Q¢ Q¢ Q¢
> Jf (v —wy). 6.9)
Q;

Arguing as in Lemma 5.2, we also prove that ws € Kq.
The next step is to let § — 0. From (6.7) we have

10eWsllz2(0pyn < limIOeWesllzz(gym < C’(1 + lim j|L(wga|P).
£—0 £—0
T

Using the sets defined in (5.7), we get
[iwest = [1zwest + [ (Lwesl? - g7 + 87+ [ 1Lweol?
QT A€§ B£6 Ceﬁ

c
< 2lgl7n (g, + Q1! + j eke(ILweslP - gP) + —el,szl_ 1S ¢
B£5
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because, for s € (0, 1), £ < k.(s), and by (5.6),

j(e“gz 1) Lwesl? = j ke(Lwesl? - gP)|Lwesl? < C1,
Ces Ces

50 {0;ws}s is also uniformly bounded in L?(Qr)™. Since ws € Kg, we have [Lws| bounded in L*°(Qr) indepen-
dently of §. Then, for a subsequence, we have

5—
ws =% w  inHY0, T; L2(Q7)™) weak,

Lwg 20 1w in L®(Qr)¢ weak-x,
ws(t) o0, w(t) inL*(Q)™ weakforallOo<t<T.

We can pass to the limit when § — 0 in (6.9), writing

J OWs -V + J a(Lv)-L(v-wg) + J b(v)-(v-ws)+6 JILVIP‘ZLV -L(v — wg)
Q: Q: Q: Q:
> [£rw-wo)+ 3 [ = 3 [iwol?.

Q¢ Q Q

Because ws(t) — w(t) in L2(Q)™-weak yields

lim jlww)P > j|w(t)|2

6—»0Q o

for each 0 < t < T, we recover in the limit that w satisfies

jatw-(v—w)+ Ja(Lv)~L(v—w)+ I bv) - (v-w)> jf-(v—w) forall v e Kq.
o Q¢ Q¢ Q¢
Finally, as in the proof of Theorem 2.7, w also belongs to K. We may apply Minty’s lemma and conclude that

it solves (2.6).
The uniqueness of the solution is immediate since if w; and w, are two solutions of (2.6), then

j (W1 — W2) - (W —w)) + j(a(Lwl) —a(lwy)) - L(wy - wa) + j(b(wn ~b(W2))- (W1 - w2) <0
Q¢ Q¢ Q¢

and, by monotonicity of a and b, we get
jlwl(t) -wy(t)]? <0 forallte (0, T),
Q

concluding that wy = w,. O

Next we prove the stability of the solutions of the variational inequality (2.6) with respect to the given data.
The results we obtain depend on the assumptions on a, and we are able to give a result even in the very
degenerate casea =0and b = 0.

Proof of Theorem 2.11. Considering the threshold functions g1 and g» satisfying (2.10), let Kg, ) and Kg, ()
be, respectively, the corresponding convex sets defined in (2.5). For (t) = l|gi(t) — gj(t)lr~(q) for i, j € {1, 2},
i # j, and given w; such that w;(t) € Kg, for a.e. t € (0, T), we define the functions

. _ g*wl(t)
wij(t) = 2. 1 p0 € Kg;(0)-

Choosing
1 1
€ = max{ - willizpms o MWillipy}
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we observe that
Iwi(t) — wij(Dll2yn < CB(E) and  |[L(w;(t) — wij(E)lr () < CB(L). (6.10)

Considering, for i,j € {1, 2}, i # j, the solution w; of the variational inequality (2.6) associated to the
constraint g;, and using wj; as test function, we have, for t € (0, T],

j dew; - (Wi — ;) + j a(Lw;) - L(w; - wj) + j b(w;) - (W; - wj,) < jfi (Wi wj),
Q¢ Q¢ Q¢ Q¢
and so
j QWi - (Wi — W) + j aLw;) - L(w; - w)) + j b(w;) - (w; - w))
Qt Qt Ql
< Jf,- (Wi —wj) + J otw; - (Wj; —wj) + j a(Lw;) - L(wj; — wj)
Q¢ Q¢ Q¢
+ J b(w;) - (wj; — wj) + in - (wj - wjy).
Q¢ Q¢

Adding the inequalities we obtained in the former expression to (i, j) = (1, 2) and (i, j) = (2, 1), and setting
W = w1 — Wy, we get

J oW W+ J(a(Lwl) —a(lwy))-Lw + J(b(wl) —-b(wy))-w< J(fl -f2)-w+0(), (6.11)
Q: Q: Q: Q:
where

o(t) = j QW1 - (Way — W2) + j QW - (Wis — 1) + j a(Lwy) - L(wa; - w)

Q; Q; Q¢
" j a(Lwy) - L(wy, - wy) + j b(wy) - (W1 —w2) + j bw>) - (Wi, - wy)
Q: Q¢ Q¢
+ Jf1 -(Wa —wyq) + sz - (w1 —wi,).
Q¢ Q¢

Estimates (6.2), (6.3), (6.7) and (6.10) allow us to conclude that there exists a positive constant C such

that, forany ¢ € (0, T),
t

o) < € [Ig1(r) - &2l dr. (6.12)
0
From (6.11) and (6.12), using the monotonicity of a and b, we obtain

d
EIIW(t)IIiZ(Q)m < W72 gym + IF 1) = F2 (O gym + 2CNIg1(E) = 82(6)ll oo ) -

Applying the Gronwall inequality, we obtain

T T
w1(6) = wa Oy < €7( [IF10) = 2O gy d + 1w, = Wiyl + [ 1616 - 200l ),
0 0

concluding (2.11).
Consider now the case where a is strongly monotone. When p > 2, after integration, from (6.11)
and (6.12) we obtain

t

1

WO oy + - [IWO, g 7
0

t
1
< J||f1(T) - F2 D2 Iw(T)lL2ym dT + E"W(O)H%Z(Q)m +Clig1 - 821210, ;L0 »
0
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and so we conclude that there exists another positive constant C depending on T such that

2 p
wy - WZ"LOO(O’T;LZ(Q)m) +wy - W2"7/p(QT)
< C("fl _fZ "%Z(Qr)m + "Wlo - WZOHIZAZ(Q)m + ”gl _g2”L1(0,T;L°°(Q)))’ (6-13)

obtaining (2.13) when p > 2.
If 1 < p < 2, using the strong monotonicity (2.12) of the operator a, from (6.11) we get
[ 0w wea. [iLwlwsl+ 1Lwa < [, - ) w+ 000,
Qt Qt Qt

Applying the reverse Holder inequality, we obtain

2 p=2
j JW- W + a*< J|Lw|l’)"( j(le1| + |Lw2|)P) T < I(f1 —fy)-w+O(t). (6.14)
Q¢ Q¢ Q¢ Q¢
Sincep < 2 and |Lw;| < g* a.e.in Qr, i = 1, 2, we have
p=2
2
( j(|Lwl| HIwo?) " =,

Q¢

where C is a positive constant depending only on |If;ll;, g,y and Wi, L2 yn. From (6.14) we obtain

, ot ¢

1 X » 1 2

SO g+ Ca( [1Lw)" < Iy = Folrm Wiz + 3 WO gy + | ©,
Q: 0 0

and so, using the Holder and Young inequalities, we get the inequality

||W||%w(0’T;L2(Q)m) + ”W"g//p < C("fl _f2”%2(QT)'" + "Wlo - Wy, ”iZ(Q)m + ”gl - g2"L1(O,T;L°°(Q)))- (615)
From (6.13) and (6.15) the conclusion follows. O

Proof of Theorem 2.13. Consider a sequence of solutions w, given by Theorem 2.10 for a sequence of
gn € WH(0, T; L°(Q)) such that
gn g in?(0, T L®(Q)).
First we show that {w}, is relatively compact in #([0, T]; L(Q)). For arbitrary & > 0, there exists § > 0

such that

€n = sup [gn(T) — gn(S)lL=() < €
|T—s|<8

for all n sufficiently large and all 7, s € (0, T). Setting

__ 8+
g +&n

Pn

we obtain p,wn(s) € Kg,(r) for all 7 € (s -6, s + §), and p,wy(s) can be chosen as test function in (2.14)
for w, at t = 7, obtaining

j OWn(T) - (PrWn(S) — Wa(T)) + j a(r, Wn(1)) - L(pnWa(s) - Wa(1)) + j b(T, Wn(1)) - (DuWn(S) - Wa(T))
Q Q Q

> Jf(r) - (PaWas) - Wa (D). (6.16)

Q
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Since 0 < p, < 1 and the solutions wy, € Kg, are uniformly bounded in L*°(0, T; ¥, N L2(Q)™), from (6.16)
for fixed s we can integrate in 7 on [s, t] obtaining

d

jt = [ - w2

N~

1 2
Eimnm —wa(s)|

IN

Q
t t

(o — 1) j j e Wn(T) - Wn(s) + Cilt — 5| + C jnf(r)uwmm
5Q s

<(pn-1) j(wn(t) —Wn(s)) - Wn(s) + C't — 5|2 (T? + [fll2(0pm)
Q

<C'(e+|t—s|z) forall|t-s| <6

and all n sufficiently large. Hence {w,}, is equicontinuous on [0, T] with values in L?(Q)™. Therefore, we can
take for a subsequence

wy 5w ing(0, TLX Q)™ and  wy,—w inL®(0,T;V,) weak-*

for some w which is such that w € K¢ n %, N €([0, T]; L*(Q)™) and w(0) = wo.
We conclude that w is a weak solution to (2.4) with K. Using Minty’s lemma and taking v, = p,v € Kg,
for arbitrary v € Kg in

T
@t v = waby + [ @v) Lva=wi)+ [ ) u=w)> [ £+ - wa) -5 W0 - va(OP,
0 Qr Qr Qr Q

we observe that v, 5 vin %p. By the uniqueness, the whole sequence {wy}, converges to w. O
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