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ABSTRACT. Some properties of the solutions of free boundary problems of obstacle-
type with two phases are considered for a class of heterogeneous quasilinear elliptic
operators, including the p-Laplacian operator with 1 < p < oco. Under a natural
nondegeneracy assumption on the interface, when the level set of the change of phase
has null Lebesgue measure, a continuous dependence result is proved for the charac-
teristic functions of each phase and sharp estimates are established on the variation
of its Lebesgue measure with respect to the L!-variation of the data, in a rather
general framework. For elliptic quasilinear equations whose heterogeneities have ap-
propriate integrable derivatives, it is shown that the characteristic functions of both
phases are of bounded variation for the general data with bounded variation. This
extends recent results for the obstacle problem and is a first result on the regularity
of the free boundary of the heterogeneous two phases problem, which is therefore an
interface locally of class C! up to a possible singular set of null perimeter.

§1. INTRODUCTION

We consider stationary free boundary problems with two phases in the form

(11) Au+ )‘+X{u>0} - A—X{u<0} = fae.in Q
associated with a quasilinear elliptic operator of p-Laplacian type
(1.2) Au = —div(a(z, Vu)),

where 2 is a bounded open connected subset of R™, n > 2, and the vector field
a(z,n): A xR* - R"”
is Lipschitz continuous in z € © and continuous differentiable in n € R™ \ {0}. Here

f=f(r) and Ay = Ai(x) > 0 are given bounded functions, and X1,>0}, X{u<0} denote
the characteristic functions of each phase

{fu>0}={zeQ:u(x)>0} and {u<0}={zreQ: ux) <0}
In the special linear homogeneous case of the Laplacian A = —A with f = 0 and
constant Ay > 0, the whole free boundary
(1.3) ®=0Qn (0{u >0} Ud{u<0})
has finite (n — 1)-dimensional Hausdorff measure (H"~!(®) < 00), as it was shown by
Weiss [25], and is locally the union of two C''-surfaces in the neighborhood of each “branch
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point” (see [17]). In the recent monograph [16], the characterization of free boundary
points and the analysis of their properties show that the regular and singular one-phase
points O{u > 0} \ d{u < 0} and d{u < 0} \ 9{u > 0} are locally as in the obstacle
problem, while the two-phase free boundary points d{u > 0} N d{u < 0} may be branch
points if |Vu| = 0, or, by the implicit function theorem, open portions of C*“ graphs
where |Vu| > 0, which have been shown to be in fact locally real-analytic.

However, these results cannot be expected to be true always in the case of nonhomo-
geneous coefficients and more general operators of the type (1.2). In the general case,
problem (1.1) was introduced and treated as a variational inequality by Duvaut and Lions
in the framework of temperature control problems regulated by interior heat injection
(see [9, Chapter 2]). In fact, (1.1) can be regarded as a model for the control of the
interface in the steady-state two-phase Stefan problem:

(1.4) Oy ={u=0}={x e : ulx) =0},

i.e., of the level set of the melting stationary temperature u separating the liquid phase
{u > 0} from the solid phase {u < 0} (see, for instance, [19] and the references therein).

In general, we may have ®; 2 ® and (1.1) should be regarded as a quasilinear partial
differential equation with discontinuous nonlinearities

(1.5) Au € F(x,u) a.e. in §,

where F(z,u): Q x R — R is a monotone decreasing function in u for a.e € Q (see [7]
or [20]).

In §2, we use a natural regularization of the Heaviside function to solve (1.5) with
the additional mixed boundary conditions, which allows us to characterize equation (1.5)
with the right-hand side f — {(u) € F(u) with a bounded function ¢ € 9.J(u) related to
the characteristic functions of {u > 0} and {u < 0}. Indeed, ¢ is given as the element of
the subdifferential in u of the convex functional

(1.6) J(v) = /Q |:)\+(.TJ> v(x) + A () v_(x)} dz,

where v = max(v,0) and v~ = (—v)T.

Although the classical theory of monotone operators [14] yields the existence, unique-
ness, and global continuous dependence of the solution of our problems, using the L'-
theory we can obtain an additional interesting estimate on the phase variations. This
extends the remark of [21], obtained for the one obstacle problem, to the two phases
problem in the case of nondegenerate interfaces, i.e., essentially when ® = ®, for which
we provide sufficient conditions on the data A+ and f in order to hold that nondegener-
acy. These results complement, in §3, the general remarks on the stability of both phases
in terms of their characteristic functions under a natural nondegeneracy condition.

Finally, in §4, we give bounded variation estimates on Au, by extending to the two-
phase heterogeneous case the results obtained earlier in [4] and [6] for the one obstacle
problem. This estimate provides the regularity of the nondegenerate free boundary,
which, outside a possible singular set of null perimeter, is locally of class C'. These
results are new even for the homogeneous p-Laplacian operator (1 < p < oo) and for
linear second order partial differential operators with Lipschitz coefficients, and are valid
for general bounded data f, AL with bounded variation, with their sum Ay + A_ positive,
continuous, and having integrable derivatives.
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§2. APPROXIMATION AND CONTINUOUS DEPENDENCE OF THE SOLUTION

In this paper we suppose the standard structural assumptions, with 1 < p < oo, for
the operator A given by (1.2), with a(x,0) = 0 and

n 8 ; p_2
(2.1) 3 T (@) 6y = q0(r+ 1) 7 e,
i,j=1 8773
~ | da; 2\ 557
(2.2) Z 7_(33’77) S%(H‘H?ﬂ ) )
i,j=1 On;
(2.3) |a(1,7m) — a(z2,m)| < Aaler — xa| (k + nf?) =

for some k € [0,1] and some positive constants g, 71, Y2, for x € Q, n € R™\ {0} and
for all £ = (&1,...,&,) € R™. Tt is well known that this implies the existence of v > 0
such that (see [23, Lemma 1])

(o) — . (k+ 0l +1E)" I — €2 it p<2,

i=1
Therefore, in particular, we cover the heterogeneous quasilinear operators of the p-
Laplacian type when x = 0,

p—2

Au = —div(M(x)(/f+ |Vul?) 2 Vu),

where M (x) may be a Lipschitz continuous positive definite matrix uniformly in 2 € Q,
and it may also include, for p = 2, linear second order operators with variable coefficients
M;;(z) in divergence form.

We assume that the boundary 02 = I'p U I'y is Lipschitz, where the two regular
components are such that H"~(T'p) > 0, with H"~! denoting the (n — 1)-dimensional
Hausdorff measure.

For equation (1.1) we consider mixed Dirichlet and Neumann boundary conditions

ou

(2.5) u=h on I'p and — =a(Vu)-i=g on I'n.
vy
We assume that
(2.6) ferL=Q), geL®Ty)andhec WP (Q),
(2.7) Ar € L(Q), Ar>0and \y(z)+A_(z)>0ae ze€Q,

and introduce the functional framework

(2.8) Vi ={veW"(Q):v=h on I'p},
. A = . n =
(2.9) (Au,v) /Qa(x,Vu) Vo and (L, v) /va —&-/FNgv, v eV,

Following [9], our problem may now be formulated as the elliptic variational inequality
(2.10) wu€ Wy o Jw)—Ju) > (L — Au,v —u), v € V.

The standard theory of monotone operators allows us to state that our problem is well
posed in the following sense (see, for instance, [14] or [22]).

Proposition 2.1. Under the assumptions (2.6)—(2.7), there exists a unique solution of
(2.10), and there exists ¢ € V{j such that

(2.11) (=L—Au € dJ(u).
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Moreover, for a sequence of data hy, — h in WHP(Q), f, — f, and A\yr — Ay in v (),
gn — g in ¥ (I'n), for the corresponding solutions u, of (2.10) we have u, — u in
WLP(Q) as n — oo.

Remark 2.1. If in (2.5) the Neumann condition is replaced by a two-phase boundary
condition of the type

ou
R + Bt X{u>0} — HA—X{u<o} =¢g on I'y.

then (2.10) will also be the variational formulation of this problem if we replace J by Jx
defined by

Inw = [+ a0) + [ Gt o).

Although we may expect, from (2.11) and from our departure equation (1.1), that
(2.12) C(x) = Ay ()X fus03 () = A_(2)X{u<o} () ace. in 2 € Q,

this characterization may not always hold, in particular when L£"(®g) > 0, i.e., if the
mushy region {u = 0} has positive Lebesgue measure.

A first characterization towards (2.12) may be obtained by approximating the solution
u of (2.10) by solutions u. of the regularized equation

(2.13) Auc + Ay Ho(ue) — A_H(—u:) = f in

with the same mixed boundary conditions (2.5). Here ¢ > 0 and H. is the Lipschitz
approximation of the Heaviside function

t
(2.14) H()=0, t<0, H()=-, 0<t<e H()=1 t>e

Theorem 2.1. A unique solution u. of (2.13), (2.5) is uniformly bounded in W1P(Q)N
CL2(Q) for some a, 0 < a < 1, and is such that, as ¢ — 0,

ue —u in WHP(Q) N CH (Q)
for all & < «, where u is the solution of (2.10). Moreover,
(2.15) 19— u) By <Cy i 922,
(2.16) IV(u— )72y <eC" if 1<p<2,
where Cy = %(H)\_,_HU(Q) + Az (@) and C’ > 0 depends on C,, on Q' CC 2, and on
an upper bound Ay, of [|Vue| co. @y, but not one.
Proof. We remark that
(2.17) A (x) < C(x) = A He(ue) — A_Ho(—ue) < Ap(z) ae. x € Q,

and therefore Au. € L°°(Q) uniformly in e > 0. Hence, by the general C*“ local
regularity under the assumptions (2.1)—(2.3), for any Q' CC Q we have (see [12, §]
or [23])

[te || 1.0 7y < A%y independent of & > 0.

Since, by compactness, there is u € V}, such that, as ¢ — 0 and for all 0 < o/ < a,
ue — u in WP (Q)-weak and in C* (Q0),
H.(u;) = x4+ and H.(—u.) — x— in L=(Q)-weak*,
for some functions x4 and y_ satisfying

0<x4(x)<1 and 0<yx_(z)<lae zel
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By the uniform convergence of u. and the definition (2.14), in the open subsets {u > 0}
and {u < 0} we have, respectively, x4+ =1, x— =0 and y+ =0 and x_ = 1, because this
holds at the interior points of those subsets for H.(u.) and H.(—u.) with e sufficiently
small. Hence,

Ce = Ayx+ — A_x— in L (Q)-weak™.
Then, as in [9, Chapter 1], passing to the limit in the variational formulation of (2.13),
(2.5)

@19 [onTur [enm [po [ wens

we may show that u is a unique solution of (2.10). Then, by (2.10) and (2.11) we may
conclude that

(2.19) C=Arx+ — A_x— a.e.in £,
by the definition of the subdifferential, and we have

(2.20) /Qa(Vu)~Vw +/QCw :/wa +/FNgw, w € V.

Consequently, we obtain

(2.21) /Q[a(Vu) —a(Vu)] - V(u—u.) = /Q(C€ — () (u—ue).

In order to estimate the right-hand side, we start with the term corresponding to the
positive phase:

Ay [HE(ua) - X-i-] (u—u)
Q

< /{u>0}>\+ [He(ue) — 1] (u—ue) +/ A [He(ue) = x4 ] (—ue)

{u=0}
< / Ay [Ha(us) - 1} (_“E)
{u>0}

+f Ao + [ M [He(ue) = 1] (=ue)
{u=0}N{u-<0} {u=0}N{u>0}

<elA oo

A

by the property 1 — H.(t)t < € for t € R, and because, as we have seen,
(2.22) 0 < Xfu>0} < X+ <1 — X{u<o} a-e. in €2

Repeating the symmetric argument for the negative phase, we conclude that

/Q(Ce —¢) (u—ue) <e(IAllLr) + A1l @)

and (2.15) follows immediately from (2.21) and (2.4) with p > 2. For 1 < p < 2, we
apply (2.4) in Q' CC Q and, using the a priori bound for the gradients in O, we easily
get (2.16) with C" = (2AL)* P(|| A4l @) + A=l (0))/7- The strong convergence in
WLP(Q) is now an easy consequence of those estimates. O

Remark 2.2. By the C1® estimates up to the boundary (see [13]), if the boundary is
of class C*7, for the Dirichlet problem (I'y = @), if h € C17(99), 0 < v < 1, then
the solution u belongs to C1%(Q), 0 < a < 7, and, as a consequence, estimate (2.16) is
valid in the entire . Analogously, for the Neumann problem (I'p = &), under certain
compatibility conditions on the data (see [1]), we may obtain also C'1**-regularity up to
the boundary for g € C%7(99Q), 0 <y < 1.
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Remark 2.3. As a consequence of the proof of Theorem 2.1, the solution u of (2.10) also
solves (1.1) in a weak form

(2.23) Au+Aixs —A_x_ = fae. in Q

with the boundary conditions (2.5) with bounded functions x4 and x_ satisfying (2.22)
and 0 < X{u<o} < X— < 1= X{u>0} a-€. in .

Remark 2.4. When x > 0 in (2.1)—(2.2), we can guarantee that the solution u has
integrable second derivatives, namely (see, e.g., [23, Proposition 1])

we HE (Q)if p>2and uec W2EP(Q) if p < 2.

§3 STABILITY OF THE PHASES UNDER NONDEGENERACY

In general, we cannot preclude a “thick interface” ®q, and by (2.22) and Remark 2.3
it is clear that

{0<xy <1}U{0< x— <1} C{u=0} = Dy,

where these possible nonempty subsets are defined up to null sets for the Lebesgue
measure L. Hence, a natural nondegeneracy condition is

(3.1) L"(Pg) = meas{u =0} =0,

which is obviously equivalent to

(3.2) X+ = X{u>0} and X = X{u<o} a.e. in Q.
For the class of differential operators with the property

(3.3) Av = Aw a.e. in {v = w},

it is simple to provide a sufficient condition on the external force f in order to generate
the nondegeneracy condition (3.1):

(3.4) f(z) > Ap(z) or f(z) < —=A_(z), ae. €.

Indeed, by (2.23) and (2.19), if u is a solution to the two-phase problem (2.11) with an
operator satisfying (3.3), with meas{u = 0} > 0, then we have Au = 0 a.e. in {u = 0},
and therefore

A < Aixs —A_x— =f<A;yae in {u=0}

which contradicts (3.4).
Therefore we have shown the following interesting result.

Proposition 3.1. Under the assumptions (3.3) and (3.4), the interface ®g has zero
Lebesgue measure, i.e., (3.1) holds true.

Remark 3.1. Property (3.3) is associated with the local regularity of the solutions v and
w. For operators in the class (2.1)—(2.3) with £ > 0, for bounded data f, the standard
regularity of nonlinear operators yields the integrability of the second order derivatives
(see, e.g., [12, 15] or [23]), because the vector field a(x,n) is Lipschitz continuous in z,
as was recalled in Remark 2.4. Similarly, for x = 0 and p < 2, in particular, for linear
operators and the singular heterogeneous p-Laplacian operator, the local regularity still
implies condition (3.3). However, for k = 0 and p > 2, i.e., for the heterogeneous p-
Laplacians of degenerate type, the integrability of the second order derivatives fails, but
we still have (3.3) by a well known theorem of Stampacchia and, knowing that, we may

prove that a(-, Vu(-)) € (Wl’p/(p_l)(Q))” by the usual methods of [12, 15] or [23].

loc
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Another immediate consequence of (3.1) and (3.2) is

(3.5) X{u>0} = 1 — X{u<o} a-€. Q,
and the strong approximation of the characteristic functions of both phases follows easily
from (2.13):

He(ue) = Xqusop and He(—ue) = X{u<op in L), ¢ <oo.

Indeed, we already know that these convergences hold weakly, and for ¢ > 2 it suffices
to check the convergence of L?-norms. This follows from

/X{u>0} = lim/HE(ue) Zlimsup/Hg(ug)
Q =0 Jq Q

e—0

zliminf/Hg(ua) > /X%u>0} = /X{u>0}>
e—0 Q Q Q

and similarly for H.(—u.) towards x{y<o}-
As in the one obstacle problem (see [18] and [21]), these arguments give also a kind
of stability of the two phases in terms of their characteristic functions.

(3.6)

Theorem 3.1. Let (uy, Xn+, Xy—) be a solution of (2.23), (2.5) that corresponds to the
data fy, gn, by, Az and converging, as in Proposition 2.1, to a solution u of the limit
problem (1.1)—(2.5), under condition (3.2). Then

(3.7) Xn+ = X{u>0} and Xn— — X{u<o} Strongly in LT(2), ¢ < oo,
(3.8) X{u,>0} = X{u>0} a1d X{u,<0} = X{u<o} Strongly in L1(Q), ¢ < oc.
Proof. Let, for some subsequence,
Xn+ — X3 and x,— — x= in L>(Q)-weakly™*.
Since we know that x,4 = 0 in {u, < 0}, we conclude that

0<x} <1~ Xfu<o} a-€.in Q

Oz/u;Xm_ H/ufxi:O.
Q Q

Since also x,4+ = 1 in {u, > 0}, taking an arbitrary measurable set O C 2, we have

+ _ + +
/unxm_f/unﬂ/u.
o o o

On the other hand, since u,) — u* in LI(Q) for any ¢ < +00, and

+ +yk
Lt = [t
@] o

we obtain [, utx% = [,u" for all O C Q. Therefore, x} =1 a.e. in {u > 0}, and so

from the convergence

0 < X{us0y < X4

Using the assumption (3.2), we conclude that

X+ = X{u>0} = 1 — X{u<0}s
and, symmetrically, also
XE = X{u<oy = 1 = X{u>0}-
The strong convergences follow as in (3.6) and the same arguments apply by replacing
in the above proof x;+ by X{u,>0} and xy— by X{u, <0}, completing the results. O
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Remark 3.2. We stress that the nondegeneracy condition (3.2) is required only for the
limit problem and not for the approximating problems. Therefore, the positive and
negative phases have a kind of weak stability in Lebesgue measure if the interface has
null measure.

In fact, using the L'-contraction property of m-accretive operators in Banach spaces
(see [3]) and extending the stability property of [5] applied to the one obstacle problem
in [18] and [21], we can prove the following estimate.

~

Theorem 3.2. Let (u,() and (@, () denote the solutions of (2.11) corresponding to the
data (f,q) and (f,9), i.e., the solutions of (2.23), (2.5) with the same h and A+ as in
Proposition 2.1. Then

(3.9) 1€ =<l < If = fllzr) + 19 — Gl o)
If, in addition, both solutions satisfy the nondegeneracy condition (3.1) and
(3.10) Ap(z)+A_(x) > >0 ae z€Q,
then
~ 1 ~ ~
(3.11) meas({u > 0} +{@ > 0}) < ;(Hf — fllzr) +1lg = dllzrrn)

where + denotes the symmetric difference of sets, B+ D = (B\ D)U (D \ B).

Proof. Although estimate (3.9) is well known and is a consequence of the general theory
of m-accretive operators in L'(2) (see, for instance, [26] for a Dirichlet problem, or [1]
for a nonlinear Neumann problem), for completeness, we sketch a simple proof for our
mixed problem (see also [5] or [21]).
Multiply the difference of equations (2.23) for u and 4,
(—C=f-F- (Au — Au) ae. in Q,
by the measurable function
-1 on{u<u}u{¢<C}
s(x)=<0 on{u=a}n{¢=C},
1 on{u>utu{¢>c},
which satisfies s € o(u — @), where o denotes the maximal monotone graph of the sign
function (o = 9r, r(t) = |t]).
Integrating by parts, we obtain

¢ Clory = /Q (- s < / (f - Ps+ / 1951 < I = Flloren + llg = Gl en,

because

—/(Au—Aﬂ)sg/ lg—3g], Vseo(u—nu).
Q

I'n
This inequality follows by using the fact that

(Au — Au)s = (Au — Au) sign(u — 1) a.e. x € Q
for any s € o(u — u), by (3.3), and considering a smooth approximation o.(t) —<_q
sign(t) with the boundary conditions (2.5) for u and % in integration by parts.
Finally, under condition (3.1) we have
C=Apx4+ — A-x-
with
X+ = X{u>0} = 1 = Xfu<o} =1 — X
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with similar definitions for Zwith X+ = Xgasoy and X— = Xqa<oy = 1 — X+
Taking (3.10) into account, we immediately obtain (3.11) from estimate (3.9) and the
following inequality a.e. in £2:

IC — EI = A+ — X+) — A= (x— —Q—)’ = ’()Ur +A0) (x4 — 5<\+>’ > plxy =X+ O

Remark 3.3. Inequality (3.11) can be used to estimate the free boundary stability when-
ever &5 = {u = 0} and ®9 = {u = 0} are nondegenerate and both u and @ have a
monotonicity property, for instance, if u,, = 8‘97“ >0 and u,, > 0. Hence in a cylinder

subdomain D = w x (=L, L) C € containing & and @0, we may define the following
upper semicontinuous functions of 2’ € w:

o(z') = inf{x, : u(a’,z,) >0} and §(2') = inf{x, : U(a’,z,) > 0},
and from (3.11) we see that

~ 1 ~ .
(312) |l = @llzrw) = /D|X{u>0} — Xqaso}| < ;(Hf = i +1lg = Glliry)) = 6.

If, moreover, u and u are such that, for some € > 0,
ue=V-e>0and U, >0, VeeC.={zeR": z, >ela'|},
i.e., are monotone in some cone with axis e, and opening 2arctan(1/¢), then, under
assumption (3.1), the free boundaries may be locally given by Lipschitz graphs,
®oND = {z, =p(a'), 2’ €w} and dyND = {z, = 3(a'), 2’ € w}

with [V/p| < € and |[V@| < e. Then, arguing as in [18, Theorem 6:5.3, p. 200], using
(3.12) and the Gagliardo—Nirenberg interpolation inequality, we may also estimate the
Hélder norm:

~ l1-a
lo = @llcoaw) <Ced forany 0 < a < 1.
84. REGULARITY OF THE FREE BOUNDARY

In order to obtain the local boundedness of the H"!-measure of the essential nonde-
generate free boundary @, we shall require a weak differentiability of the data:

(4.1) f and Ay are in BVj,.(92),
i.e., are of bounded variation in ' for all Q' CC ) in the sense that
IVFI(Q) = sup{z Qlfdiv G; 3 C(), |8l < 1} < oo0.
i=1

We also require that, for some & € [0, 1],

n

(12) Fai_, 0| <l )
. 3 >~ )3 9
=1 &cl ﬁxj
= 82ag ‘ 2 p—2
4.3 x| < va(k + 2,
(4.3) ”zéil o, 8xi( m| < va(k + n?)

for positive constants 73, 4, for a.e. z € Q and all n € R™.

Theorem 4.1. Let u be the solution of (2.10) under the assumptions of Theorem 2.1.
If (4.2) and (4.3) are true, then

(4.4) Au € BVipe(Q).
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Proof. We recall from (2.20) and the proof of Theorem 2.1 that u can be approximated by
the solution u. of (2.13), where now we replace Ay, A_ and f by smooth approximations
Aets Ae— and f. with their gradients bounded in L{, () uniformly in €, by assumption
(4.1). Hence, we have

Aue = fo — Aey He(ue) + e Ho(—ue) 540 f=Aixe +A_x_ = Au

in L9(2)-weak for all ¢ < 0o, and it suffices to show that

(4.5) /|(Au€)m[| <C,, f=1,...,n,

for an arbitrary w CC £ and some constant C,, > 0 independent of € > 0.

Consider a cut-off function ¢ € C°(Q) such that p =1 inw and 0 < ¢ < 11in Q. Let
os(t), 6 > 0, be a smooth approximation to sign(t), i.e., |os(t)| < 1, o5 > 0, 05(0) =0
and lims_,0 05(t) = sign(¢). Observe that os(ucy,) tes, is & nonnegative function and

;ii% Hl(Fue) ey, 05(Ues,) = ’(HE(:I:UE))IA a.e. in w.
From the approximating equation (2.13) we find
(4.6) (Aue)g, = Fe — P‘EJrHé(uE) + AefHé(_us)] Ueg,

where F. = for, — (Aet ), He(ue) + (Ae—)z, He(—u.) is uniformly bounded in L{ ().
Hence, if we prove that

(4.7 /goa(;(ugu)(—Aus)me <C, {£=1,...,m,
Q
for some constant C, > 0 independent of € and ¢, we shall obtain (4.5) from the estimate

/Q @ [/\s+ }

= lim | @At HL(ue) + Ao HL(—10) | e, 05(01c0,)
- Q

+ Aec

(He(ue)),, (He(-uc)),,

= lim @Ué(uewe)[FE - (Aua)a:z] < /‘P|Fa| + Cy
6—0 Q Q

by recalling that A,y and A._ are nonnegative and uniformly bounded.
Finally, in order to prove the remaining estimate (4.7), we integrate by parts as in [6]:

[ o) (s, = - [ e Vu],, - ¥ [ o)
Q Q
- aCLi
- ; »/Q 0xy (I7 vus) (90 Ué(ueze))m

n da,
(4.8) — Z /Q% Uezoa; Pa; 05(U5w2)

i,j=1 J
n
8ai ’
- P Uegya; Uszpw; T (Ue,) P
i1/

=Ji+ Jo + Js3.
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Using the structural assumptions, we have

2 82ai - 82ai
e ; /Q (333@ Ox; ’ ; Oy On; usxjxi) #03(tece)

p—1 p—2 1
< [ (k4 190P) T o [ (0 [90) T DPucf o < 5 €
Q Q

p—2 1
Jy < / (5 + Vue?) = [D?ue [V < 5 O,
Q

P / (54 [Vtel2) T [Vteg, 2 0 (t122,) ¢ < 0,
Q

where the choice of C', > 0 independently of ¢ is possible because |Vuc| € LS. (), which
bound is mdependent of  and ¢, and u. € HZ () uniformly in &€ when & > 0.

Since this last estimate fails in general for k = 0, we need to estimate J; and J
independently of € > 0, with the help of Lemma 4.1 below, with x = ¢, where u. is now
an approximating solution of (2.13), (2.5) with A regularized by A., with each a.(x,n)
satisfying (2.1)—(2.3) and (4.2)—(4.3) with kK = ¢ > 0. O

Lemma 4.1. Under the assumptions (4.1)—(4.3) and (2.1)~(2.3) we have the estimate
p=2 2
(4.9) / {(/@—i— Vu|?) 2 |D2u5\] <C', vQ ccq,
S ’

where the constant C" > 0 depends on ||V f|[(Q2"), [IVAL[(Q) and |[Vuc||p~ry with
QO cc Q" ccQ, but is independent of k € (0,1] and € > 0.

Proof. Let G = G(t) be a smooth, odd, monotone nondecreasing function, and let ¢ €
C2(Q), ¢ > 0. Since G(ucy,) ter, > 0, if we multiply (4.6) by ¢>G(ue,,) and integrate
in Q, then we obtain, as in (4.8),

(4.10) /Q[a(:mVug)]u V(9?Gltes,)) < /F6 0% G(Uey,).

Q

Setting t. = (x4 |Vuc|?)'/? and developing the left-hand side

(‘3@1 aaz
Z/ 81:2 2G uam z; + Z / uEwg:L’J QG/(uEmg)usszi + 230@£EL G(usajg))a

1,7=1

we use the structural assumptions (2.1)—(2.2) and (4.2)—(4.3) to obtain, from (4.10), for
{=1,...,n

da,
%/t” | Vtter, [*0° G' (uca,) Z /577L T T Y € (T
J

1,9=1

n a2ai L 8 a; 2
- /Q [FE = (&rz Ox; Z Oz On; Exw')} #" Glues.)

Oa;
- Z / " Uex,; 20 ¢, G(UEZ‘[)

7,7=1

(4.11)

<, [ [0+t o+ (o +90) 272 DPul[plGlt )

because |G (uey, )| < |G(te)].
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For p > 2, we set G(t) =t and from (4.11) we see that
'Yo/tlg)_2|D2us|2902
Q
< ncfp/ o {(|Fs| + 93 ME™Y) + (07 + 1) 272 [D?uc| 0| M,
Q

where My, = ||t || Lo (supp ») May be chosen independent of € and .
By the Cauchy-Schwartz inequality and the monotonicity of tP~2, we have

_ 2 _ _
/ [tg 2|D2u5|] S Mg Q/tg 2|D2u5|2g02
’ Q

< Mp! o“<1 + M+ /Q|FE| @2),
provided ¢ > 1 in @, which proves (4.9), because |F.| < |V fe| + |[VAte] + |VA_| and
fy Ay, and A_ are locally of bounded variation.

p—=2 p—

For 1 < p < 2, we set G(t) = (e +t2)"2 t and since G'(t) > (p—1) (e +t2)72, from
(4.11) with s. = (g + |ues,|>)/? < t.and £ =1,...,n we get

Yoo — 1) /Q 22 2 Ty, 20

< [ {1840t o+ (o + ) 22 IDPudl [ o2
Q

Again using the Cauchy—Schwartz inequality and observing that now s2=2 > 272, we
may conclude as before that

/Q[tg*w?ue\]%? <C* M51<Mggl +/Q|FE|¢2>. O

As a consequence of equation (1.1), in the nondegenerate interface case, using (3.5),
we may write

(4.12) X{u>0} = f;:ljij\__)\ a.e. in w,

where we have introduced the subset

(4.13) w={zeQ: (A +A)(z) >0}
Assuming now that

(4.14) A+ A € CQ) NWEH (),

as an immediate consequence of Theorem 4.1, from (4.12) it follows that the characteristic
functions x{,>o0y and X{u<o} of both phases are locally of bounded variation in w and,
by a well-known theorem of De Giorgi (see, e.g., [11]), this yields the following regularity
of the free boundary.

Theorem 4.2. Under the structural conditions (2.1)~(2.3), (4.2)—(4.3) on the heteroge-
neous operator A and the assumptions (2.6)—(2.7), (4.1), and (4.14), where the interface
is nondegenerate, i.e., if L"(Pyg Nw) = 0, the free boundary is, up to a set of null
perimeter (i.e., of |[Vx{usoy||-measure zero), the union of an at most countable family
of C'-hypersurfaces.

Remark 4.1. As is known from measure theory (see, e.g., [10]), an open set O C R”
whose characteristic function is locally of bounded variation has a boundary 0O with
locally with finite perimeter. Its singular component ¥ C 90O, that is, the subset of
points with null upper n-dimensional Lebesgue densities with respect to O and R™\ O,
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has null perimeter (i.e., |[Vxol|/(¥) = 0) and its essential boundary 9,0 = 900 \ &
has locally finite (n — 1)-dimensional Hausdorff measure. Although the corresponding
regularity for the heterogeneous one obstacle problem was shown in [6], implying that
a similar conclusion holds for the free boundary in the one-phase local situation, no
concrete conclusion is known at the free boundary branch points for general operators
with nonhomogeneous data.
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